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Introduction 


This book is the first course of a series of modern math books 


for scientific high-school classes and it consists of seven chapters: 


Chapterone: Mathematical Logic 


Chapter two: Equations and Inequalities 


Chapter three: Roots and Exponent 


Chapter four: Trigonometry 


Chapter five: Vectors 


Chaptersix: Analytical Geometry 


Chapter seven: Statistics 


We hope God help us to serve our Country and our Sons. 
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Chapter 1: Mathematical Logic 


[1-1] Logical Statement 

[1-2] Connective word if ............. MEn ee. 

[1-3] Connective if and only if 

[1-4] Implication 

[1-5] Open Statement 

[1-6] Equivalent open statements 

[1-7] Quantified Statements 

Aims and Skills; 

At the end of studying this chapter the student should be 
able to: 

-Learn the truth value of the proposition and their negation 
and the compound statements. 

- Learn the open statements and compound statements by 
knowing the connective symbols. 

- Learn the equivalence of open state K 
- Learn the Quantified statements and t cg 


k 
Logical statement < 


Connective word i | only 


Mathematical logic : 


In order to obtain an accurate result for our problems in 
math we need a series of steps one related to other so math can 
be seen as a logical system, and writing math statements by 
symbols and formulas easy to use is said to be Mathematical 
Logic. According to this logic is not a theory but consider 
a language by all math scientists so they set agreements to 
explain the mathematical statements we use. 


You have studied the logic in the third intermediate class 
last year mathematical logic is divided into two kinds of 


statements: 

A) Non-statements 

B) Statements 

Statements are the type which can be considered either 
True or False and it’s called logical statement. 


If we symbolize the logical 
statement as P then the P is 
(True)(T) when the statement is 
correct and P is (False)(F) when 
the statement is wrong and the 


negation of P is True as shown 
in Table (1-1). 


It’s useful to remind the truth table for conjunction (^), 
disjunction ( V ) 


In this lesson, we will learn the connective “ if ... Then” It’s 
used to form compound statements. 


Such as: 

If the triangle ABC is Isosceles then the angles of its base are 
equal this compound consists of connecting the statement of The 
triangle ABC is Isosceles “ with the statement “ The angles of the 
base equal by using the connective if ...... then 

Here the statement comes after ‘if is called antecedent while 
the statement as whole “if ....then” is called condition. 

So “if ....then” condition statement 

So the statement (the triangle ABC is isosceles) is antecedent 
and the statement (The angles of the base are equal) is consequent. 


Let`s examine this example: 
The mother says: (if you pass the exam, then I will buy you 

a gift) 
Let’s study the following cases: 
1) The son passes the exam and the mother buys him a gift. 
2) The son passes the exam and the mother does not buy him a 
gift. 
3) The son does not pass the exam and the mother buys him a gift. 
4) The son does not pass the exam and the mother does not buy 
him a gift. 


We accept the first third and fourth cases as true but if the second 
case accurs, the statement in this case as false. 
We denote the antecedent and consequent by p and q relatively 


and this compound statement is denoted as PQ. 
and read ((if P then Q)) 
The truth table of the statement is: 


So P —> Q is false in only one case. If the antecedent is true and 
consequent is false 
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Example 1 


Consider the Truth value of the following statements: 


1) If V2 </3 then V-2ER 

2) If 7+5=12 then 6+2=7 

3) If 7+5=11 then 6+2=8 

4) If 1=0 the V3. is a rational number 


Solution: 


1) True since antecedent is True and consequent is True. 

2) False since antecedent is True and consequent is False. 
3) True since antecedent is False and consequent is True. 
4) True since antecedent is False and consequent is False 


We often use the compound statement: 

(Q => P)A P >Q) 

For example, the triangles is equivalent if and only if the 
measure ofits angles are equal also the angle measures ofa triangle 
are equal if and only if it is equilateral 

Such compound statements are called biconditional if we 
suppose p and q are two statements then the biconditional statement 
(Q — P) ^A (P — Q) is denoted by (P > Q) 

And read as P if and only if Q 

The table (1-5) is the truth table of the statement (P — Q) 
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(1-5) 


So P©@Q is True in only two cases if the two compound statements 
same true together or two compound statements are false together 


Example 2 


A) X=-1,X=4 © X’-3X-4=0 
B) X°=-32 > X=-2 


[1-4] Implication 


We will explain the implication by the following two cases: 
The first case: One side implication denoted by > 
Let's symbolize x =3 by Pand x? =9 byQ 
If x =3 is True this implies that x” =9 


then P > Q 


and x? =9 if then x= +3 then Q Æ P 


The second case: Two sides implication denoted by <> 
Let's symbolize x=3 by P and 

Let’s symbolize x? =27 by Q 

If x =3 is True this implies that x° = 27 

Then P= Q 

And if x° =27 is True, this implies that x =3 

Then o= P 


Example 3 


Choose a suitable symbol ( & , = ) for the following 
statements, 


A)x=8 , x=2 

B)x >5 , x>Z2 

C) ¥>0,X<0 

D) P: QABCD is a quadrilateral in which two diagonals 
bisect each other, ABCD is a parallelogram, 


Solution 


A) X'=8 => X=2 

B) X>5 => X>2 

C) XS0>x 20 
D) QFP 
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Example 4 


Prove that P?Q=~PVQ 


Solution 


We construct the following table: 
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=. 
[1-1] Exercises f 


Q1 

“Determine if the following statement is true or false and 
mention the reason: 

A) 25 is divisible by 5 and 25 is divisible by 7, 

B) 25 is divisible by 5 or 25 is divisible by 7, 

CJ 7 14 not a prime number or 4 is a prime number. 

D) Diagonals of the square are perpendicular or diagonals of 
ihe rectangle are perpendicular. 

E) Diagonals of the square are perpendicular or diagonals of 
the parallelogram are bisect each other. 

Q2 

Use =or 0 connect the statement in the following table to 
obtain True statements: 


The diagonals of the 
audda lacal best cach cater 
‘The side of che quadtilaeril 
are congrecil 
The angles of thie quae: lateral 
right angeles 


ABC 6 a [sosceles Triangle ABC os Equilateral Tnanaze 


ayer o eae 


Q3 
Prove that: 


1) PQ =-Q—-P 
2) (PQ) =PA~Q 
Q4 


If O is True, Q is True and S is False which of the following 
statements are true and which ones are false? 


1) (PQ Vs 
2) (Ps) AP 
3) (SQ AP 
4) (s>s) Vs 


Q5 


Chose the correct answer: 
Consider that P and S are two statements in the followings: 


1) P—~P is equivalent to 
A) PP B) ~P—P C)~P DPAP 


2) sos isa statement 
A) Always True B) True once only C) Always False 
D) False only once 


3) The negation of the statement is: ~sV«9 > 5+3» 
A)~SV«9< 543» B) ~$V «9 = 54+3>» 
C) SA«9 S543» D) ~SA«9 S543» 
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We learned that logical statements can be classified either 
True or False but if we examine the following sentences: 

A) x is an integer greater than 0 denoted by P(x) 

B) y+1=3 which is denoted by Q(x) 

C) at+b=6 such that a,b are integers which denoted by G(a,b) 

D o is one of Iraq Cities. 

We find that it’s impossible to consider any of the sentences 
as Logical statement. But if we substitute 9 instead of x in the 
sentences A it becomes (9 is an integer greater than zero) and 
it’s the s a True statements and if we substitute a value for (Y) in 
the sentence (B) to make it False statements and if we substitute 
3 instead of a and b in the sentence C we obtain the statement 
(6=3+3) which is True write a suitable name in the blank of 


Let P(X): 2X=4 
Q(x): X-1=1 


Suppose the substitution set for each is the set of integers 
(Z) we notice the solution set for P(x) is {2} and the solution set 
for Q(x) is {2} the open sentences Q(x) and P(x) are said to be 
equivalent since their solution set are equal. 
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Example 5 
If P(X):X=2 
Q(X):X’=4 
and the substitution set for each is the set of integers (Z) are 
P(x) and Q(x) equivalent? 


Solution 


Notice that the solution of P(x) is {2} and the solution set of 
Q(x) is {2,-2} since {2,-2'#{2}, P(x) and Q(x) are not equivalent. 


Example 6 


Suppose that the substitution set for each of the following 
is the set of integers (Z): 


15 


| 


ene. a : 


Exercises l-2 Ø 
i 


Q1) Write the solution set for each of the following open sentence: 


Liagh wapili sti i lar 
\jx>3 N 

R) X2-11K+30=0 110,6,5,34 
©) (X-IHX- 2. UX 30)=0 Z 

5 

D) (X-10K-5)<0 and X>4 N 

E) x is not dvisible by 4 {10,8,6,4,23 
F) X+5 0 £ 


Q2) There exist a pair of open sentences in each of the following. 


Determine which pairs represent equivalent open sentences with 
substitution set Z. 


\) X-3=3 , 3X-5=K+7 R) xy=2, x =4 

C) X=3 or X’=9 or X=-3 

D) Mel]=0 , (X+1}(2X41}=0 E) X'-6X45=0 , (N-1){X-5)=0 
F) x=0, x 1s greater than -1 less than | 

Gs) OC110C-2)50 3 FX 0 


Q3) Negate each of the followings and find the solution set for 


the negated sentence using the substitution set {1,2,3,4,5! 


A) 2x=4 RB) x+4=7 C) (X-30%-4)}=0 
D) Xe2=4 and X's% E) X-i=4 or X*=16 


Q4) if x and y are elements of the set {0,1,2,3,4,5,6,7,8,9} , 


write the soluten set for cach of the open sentences in the form of 


ordered pair 


A) X-Y¥=3 By) x+yve=l15 
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[1-7-1] Universal Quantified Statement and Existential 
Quantified Statement 


Mathematical logie often uses symbols instead of words, in this 
lesson we will learn two symbols: 

First If we want to State that every element of set A makes fix) 
a True statement we say it for all an in A such that Fiat is True 
statements 

Or for alla © A such that f(a) is True statement. The symbol y 
is called the universal quantifier and the statement Va CA, Fla) is 
‘rue then it’s called universal quantified statement 

For cxample: 

ixt Y =x4+2x+1 is True for every Natural Number to be 
substituted for x, and it can be written as: 

Yx EN such that (x+1¥ =x?+2x+1, 

Second: If we want to state that some of the elements in the set 
A make G(x) a true slatement then we say: 

There exists on an element in A makes G(x} a True statement and 
denoted by J b € A such that G(b) is a True statement the symbol J 
1s called the Existential Quantifier and the statement JbEA : G(b) 
is Existential Quantified Statement. 

For instance: If we want to state the equation x+1=2 has a salution 
nan mteger (A) 

Then we say Jx EZ such that x+1=2, and read it as: 

‘There exists an element x©Z such that the equation x+1=2 is 


True 
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[1-7-2] Negation of Quantified Statements 

When negation the Quantified Statements we consider the 
following: 

Every statement can only and only one be true or false 

- For Example, If we want to Negate the statement 

Every perpendicular drawn from the center of the circle bisect 
the chord 

We say: 

There exist at least one chord drawn on the circle such that the 
perpendicular line which passes through the center not bisects it. 

- If we want to prove the mistake of: 

Every Natural Number divisible by 2 is divisible by 6, 

It’s enough to mention the correct statement: 

There exist at least a Natural Number divisible by 2 and not 
divisible by 6. 

- If we want to negate: 

There exist at least one Right triangle doesn’t satisfy Pythagorean 
theorem 

We say Every Right triangle satisfy the Pythagorean theorem. 
From the previous examples we conclude: 


~ [P(x) is that V x E X] =~ P(x) such that 3x EX 


~ [P(x) is that 3 x E X] =~ P(x) such that Y x E X 


Example 7 
Negate each of the following: 
1) V x such that P(x) is: 
P(x): 1f x is a Natural number then x>0 
2) 4x such that P(x) is; 
P(x): x is positive even number 


3)PV[4x ER: x3 25] 
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Solution 


1} dx such that ~~ [P{x} that isv x] =~ Pix} 
a idx: ~~ P(x) a natural number such that x <0 
By words: there exist a natural number less than or equal to zero. 
2} x such that ~ P(x) = ~ P(x) 
wx: = P{x) even numbers x is not positive. 
By words: for every even number x, x 1s not positive, 


Ije PA [YXER:X 43 <5] 


[1-7-3] Tautology 
Let’sconsiderthe logical statements P ifall the logical possibilities 
of this slalements are (rue then P represents a | aulolowy, 
Example 8 


Let P be a statements does P V œ~- P represent a ‘lautology? 


Solution 


Then P 
represents Tautology 


| Exercises 1-3 f 


Q1) Negate each of the following without using `Not True`: 


A) All the similar triangles are Isosceles. 

B) Some of the similar triangles are non-congruent. 
C) If the triangle is Right angle, then it is Isosceles. 
D) Some equations have no solution. 

E) Every four-side figure is a rectangle. 

F Q VX EN:X’=25 

G)( VxER:X<8) AP 


Q2) Determine the truth value for each of the following: 
A) V x such that p(x) is: 
P(x): if x is a natural number then x° = x 
B) x such as P(x) is: 
P(x): x is natural number x° = x 
C) V x such that P(x) is: 
P(x): if x is negative then x° is positive. 
D) Q, P are two logical statements: Q ^P >Q is a Tautology 
E) P is a statement then ~P AP isa contradiction. 
F) P and Q are two logical statements (P Q) (PQ) 
is a Tautology. 
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i D` Chapter 2: Equations and inequalities 


[2-1] Absolute value and graphing the function y = |x| 
[2-2] Solving Absolute value Equations 

[2-3] Solving system of Equation with two variables 
[2-4] Intervals 

[2-5] Solving first degree Inequalities with one variable 


[2-6] Solving second degree Inequalities with one variable 


Aims and Skills 
- Learning the Absolute value 
- Solving Absolute value equation 


- Solving System of equations 


Example 1 


Solve each of the following Absolute value by definition: 
A) [3-i9 B)IX-3] such that X =R 


Since 
A) 3-V9<VJi0 — -.[3-v10|= V10-3 >0 
-.[3-Vi0|~ J10-3 >0 


x-3, V X>3 


Solution 


B) | xl- 0, X-4 
Xt 3, y Xe3 

The following properties of Absolute value can be concluded 
from the definition: 
D ¥xXER_ then [X|20 
2) VxER then eX fe] Xx | 
3) ¥XER then {X|SxX=X |X| 
¥xEr then [xP= x? 
5) YxER then X.YIFIX|./¥1.| a + such then Y 0 
6) YXYER then |X+Y Z x|+|Y] | 


7) ¥Va>oXER if |X|sa then-a=ZXXa 
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Example 2 


x, ASO 
Graph y =| Y=| 0 ,X=0 
Solution ASU 


According to definition (2,15): 


First: Graph the line Second: 
x20. Y=X K=O, Y=-X; 


ofe [eose 
DUETI 


Example 3 


Graph y=|X-1|+3 


Solution 


By the definiton (2-15) 
tome ; [e VX2I 


(-X41)43, WX<1 -X+4, VX<1 


First: graph straight line: Second: Graph the 
WXS 1, Y=xX42 straight line: Wx<1, Y=-X+4 


olay wa I 


Example 4 


Find the solution set of the equation 3x + 6| =9 such that X © R: 


Solution 


From the definition of the absolute value we conclude that: 


3X+6 such then 0<3X+6 then -2<X 
|3X+6| { 


-(3X+6) such then 0>3X+6 then -2>X 


This equation is equivalent to the system: 


{ 3X+6=9 the substituon set is {X: X= -2} 
-3X-6=9 the substituon setis {X:X<-2} 


We can consider this a system of equations with two variables 
x,y where the cofficient of y = 0. And the solution set of this 
system is: 


S ={1}.S ={-5} then the solution set is 
s=S§ US ={1,-5} 
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Example 5 


Find the solution set of the equation Vx © R <x’ |x}-8=0 - 


Solution 
By the definition of the absolute value x’ |X| -8=0 is equivalent 
to system: 
X -8=0, VX 20> X=8> X-2 
S = {2} 
-X°-8=0, VX<0O => X’ =-8> x=-2 
S, = {-2} 
S=S US ={2,-2} 
Example 6 
Find the solution set for X’ + |X| -12=0: VYX ER. 


Solution 
By the definition of absolute value X° + |X| - 12=0 is equivalent to 

X’+X-12=0,VX 20> (x44)(X-3)=0 
Either x = +4 (neglected) why? or x =3 
Then S = {3} 

X’-X-12=0,VX<9> (X-4)(X+3)=0 
Either x = +4 (negleded) why? or x = -3 
Then: 

S, ={-3} 
Ss=S US ={3, -3} 
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You have learned to solve two first degree equations with two 
variables graphically if S, is the solution of the first equation and 
S, is a solution of the second equation then S= S$, N S, if the two 
equations are related by the connective “and” and if the connective 


is “or” the solution is S= S, U S, 


Example 7 


Solve the following system by analytically and graphically in R 
X- 2Y=5 
2X+Y=0 

Solution 


By analytically 
We multiply the 2nd equation by 2 


X- 2Y=5 
4X+2Y=0 we add the equations 


5X=5 > X=1 


Substitute in equation (1) 
l- 2¥=5 


=> Y=-2 


S.S = {(1,-2)} and it represents the intersection point of two lines. 
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The first line X -2¥=5:1 


Example 8 
Salve the following system of equations In R: 
xX-¥ =] 


X +Y = 13 


Solution 
This system can be solved by a substituent such that we find x 

in terms of y or the opposite then 
x=y+l1 will be substituted in the second equation 

Fap 13 a praso iding by 2) 

y +y-6=0 = (y+3(y-2)}0 

¥+3= 0s y-} = -l => (-2,3) 

fs 2S OD SS ye 7 Se E 

2 B= {(-2,-33,G.2)} 
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Example 9 


Solve the following system by elimination for all x , yin © R 
2x° - 3y? = -46 ,x° +y = 17 


Solution 


Since both equations same degree it can be solved by substitution 
and elimination (up to student) 


x +y = 17 We multiply the first equation by 3 
2x’ -3y = -46 


3x? +3y° = 51 


; i by adding 
2x° —3y° = -46 


5x? =5 >x =] =>x=Fl 

x=l > (1 +y =17 = y =16 => y= M => (1,4),(1,-4) 
x=-1 =(-l)’ +y =17>y =16 = y =M => (-1,4),(-1,-4) 
S = {(1,4),(1,-4),(-1,4),(-L-4)} 


1) if two equations are the same degree (first or second 
degree) the system can be solved by 

*elimination *substitution 
2) if one of the equation is first degree and the other 


second degree the system can be solved by substitution 
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Let acbGR. ax<b 
1) The real Numbers Set is the set of to be: 


{X:X@R.a SX b} 
The closed interval from a to b and denoted by [a,b] and represented 
on number line as the figure (2-1) , we denoted the start point of the 
line segment by (a) and the end point by (b) notice that endpoints 


of the interval [a,b] are finite 


D R 
a (2-1) b 


2) The set {a,b) ={X:X E R ,a<X<b} is said to be the open interval 
from (a) to (b) and represented on the number line as in the figure 
(2-2) 


Notice that b & (a,b),a (a,b) in this case and shown by empty 
circles 


(2-2) 
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3) And both of the sets 


(a,b]={X:X © Rica<X <b} 
[a,b)={X:X GE R.a S< X<b} 


Said to be half-open intervals, such that a<b and the first set is 
represented on the number line as in the figure (2-3) 


n O R 
a (2-3) b 
And the second set represented on the number line as in 


the figure (2,4) 
98 S O E 
a (2-4) b 
4) The set of real numbers greater than or equal to (a) is; 
IX:XER:X Za} 
is represented on the figure (2-5) and the set {X:XER.X>a} 
represented on the figure (2-6) 


iaa LE y 98 $$ ean iii, 
a a 
(2-6) (2-5) 


5) The set of real numbers less than 
or equal to (a) is, {X:X ER.X <a} 


Represented on the figure (2-7) and the 
set {X:X ER. X< a} 
represented on the figure (2-8) 


FSS | SSS IIuasssssssssssssosy 
(2-8) (2-7) 


Example 1 


Let x=[1,6] , y=[3,8] represent the following on the number 


line 

1) XQY 2) XUY 

3) x_y 4) yx 

Solution 
1{— Wm; KO} > 

1 3 6 8 

I)X N yY=[3,6] 3)X-Y=[1,3) 

2)x U Y=[1,8] 4)Y-X=(6,8] 

Example 2 


Represent the following on the number line 
1) [X:X 2 -3} U (-5,2] 


2) {XexX ] 3} TY (5:21 


Solution 


J. 1){X:X > -3} U (-5,2] ={X:X>-5} 


IIX: X> 37 1) (25,2) =3,2]1 
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The inequality contains x as a variable denoted as f(x)<g(x) such 
that f(x), g(x) are two open sentences is said to be Inequality in 
One Variable. 

As you know from your previous study the solution set of the 
inequality is the set of values you substitute instead of x which 
makes the statement true equivalent inequalities defined similarly 
to equivalent equations. 


Definiton (2-16) 
The inequality f(x) < g(x) is equivalent to the inequality 
h(x)<I(x) if both of them have the same solution set 


We will consider inequalities f(x), g(x) which have more than 
one term 


Example 1 


Solve the inequality 3x+1<x+5 on R and represent on a number 
line 


Solution 
3X +1< X+5 
3X + 14+(-X) <X + 5 + (-X) 
= 2x +1<5 Inequality properties 
=> 2X+1+(-1)<5+(-1) 


=> 2x < 4 Inequality properties 
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= (2x! <4) 
2 J 
= x1 
The solution set — {X:X ÆR. X <2} 


-a 


i 


If we connect two inegualities by the connective “and” then the 
value of “x” which satisfies this system must belong to the solution 
set of first inequality $ and the solution set of second The [nequality 

S, whichis $=§ NS. 
This means the solution set of the system is of inequality related by 
connective {fand} $=$ 11S, , we conclude from this the solution set 
of the system ofinequalitics related by connective “or” Is § = s NS, 
Example 2 


Solve the inequality 5x+1l1<1 and 2x+3<6 in R, and represent 
the solution on 4 number line. 


Solution 
The solution set of the first inequality is 5 ={x%:XER, X<-2} 
The solution set of the second inequality s ix xErx< 3) 


The solution set of the system is: $ 
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5 $= (x:K<-2y0 (Xex <5] 


S={X:X<-2 and =. >X} 


The common elements between 5, , $, are the same 5, 


$118 =$= (X:X<-2.X% ER} 


Example 3 
Solve the previous example using the connective “or” instead 
of “and” find the solution set and represent on the number line 


Solution 
The solution set of the system Sx41l<1 or 2x+3<6 ts 


s U s={x x<3 orx< -2} 


2 
sa(xx ER, X< } 


l 
ha 
bo pi L 


Note that the common elements of S, OF 5, is the element of 5, 
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Example 4 
Find the solution set of the inequality |X-2])>5 in È 
Solution 
x Ree a 
[x-2 = or 
22%, vV X <2 


2X25 Of X-2>5  |X-2|>5 


Then we find the salution set is 
§ YU St yee CR xe?) Uira Grex ess 


S -3 F 5 


t l 


Example 5 


Solve the inequality |x+1) = 2 such that xE R 


Solution 

Note that this equality can be solved according to property 7 
from page 32 
Then |xtl|= 2-2 a+1 <2 


Adding (-1) to the inequality 
-2+(-1)sX+14+(-1) 5 2+(-1) 


-Js xsl 
s s= [-3,1] 
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Let (a) be a positive real number then 


l) The solution set of the inequality x? < a is the interval |-a,a| 


2) The solution set af the inequality x¢ <5? 1s the interval (-a,a) 
Proof 2: 
Mi < ate wa o Oa (X-alix -a} <9 


ejthera > O and b > Ü 
Or azs Oandb-> Ü 


F we have a.b < 0 then 


Similarly 


[(R-a}* 0 and (X4+a) > Olar[(X-a)> 0 and (X+a) 50] 


=> (XN < a and K>-a| or [K>aandk =- a] 


= {a.a ll = ¢-a,a) 


We can prove part | in the theorem similarly (left to student} 


Example 6 
If x*<9 then the solution set of the inequality is {-3.3) and 
If X? = 9 then the solution set of the inequality is [-3,3] 
But if we have x? > 9 then the solution set of the inequality 13 
RI X'S 4% which means S=R /((-3.3}) 
And the solution set of the inequality & 291s Rf X°<9 which 
eas S=R +33) 
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Example 7 


Find the solutions set of the incquality 5 << |2zxX45)< 7 


Solution 
2x45, Y XÈ ad 
lax +5 p 


1 Res e Seok 
2 


The inequality 7 |2%+5] > 5 is equivalent to the system 
[ 7 >-(2K+5) = SOT, 7 >2X4525 | 


=> [l2 > -2X 2 loori > 2X20] 
= [-6< % 8-5) orl l> X20) 


The solution set is (-6,-5]) LW [a1 


Summary 


F t =- ar — _ os Se a mam” i — es ns n ni a a e a a E a E a a a a a aaz | 


( In order to solve first degree equality in one variable 


) Define the absolute value if exist | 
) Use the properties of real numbers such as: | 
? additive inverse — adding — additive identity (0) — | 
‘multipl icaliveinverse — adding — identity element of multiplication (l) 


After these steps we find the solution set of the inequality in R ( 


E = oe a = ae = -i a mi l b im - a = a _ ne Se ale 


AS 


| Exercises an f 


A= [-2, 5) 
B={X:X2 1} 


Q1) If 


Then find AUB. ANB: A-B B-A 


Q2) 
A) Graph the function Y =| X +2 5 
B) y=3-|x+1 


Q3) Find the solution set of each of the following equations 
and check your answer 


A) [4X + 3| =1 D) |X? +4|=29 
B) X |X| +4= 0 E) x|xX+2|=3 
C) X’ -2 |X| - 15=0 F) |2x+1|=x 


Q4) Find the solution set of the following systems of equations 


A) 2X+Y=4 : X-Y = -1 graphically 
B) 4X+3Y=17 . 2X + 3Y= 13 elimination 
C) x-Y=1 i 5X’ + 2Y =53 
D) 2X’ -Y =34 . 3X? + 2Y’= 107| 


Q5) Find the solution set of the following inequalities 
A) |X-6| <1 B) 2 < |X+1| <4 


C..-=ps 3-1 =3 D) 2X’ <8 E) 3X° -27 >0 
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2 Chapter 3: Roots and Exponent 


[3-1] Integer Exponent 
[3-2] Solving Basic Exponent Equations 
[3-3] Roots and its Operations 
[3-4] Conjugate Numbers 
[3-5] Real Functions 
Aims and skills 
At the and of this chapter the student will acknowledge: 
The rules of exponent in integers 
How to solve exercises including exponents 
How to solve basic exponent equations 
The Roots 
How to solve exercises including roots 
The conjugate numbers 
The real function and how to find th 


Exponential Functio 


Exponents and Roots 


Mathematics was known in three sections 
1) Accounting 

2) Completing and balancing 

3) Geometry 


It becomes in this perfect and complete form at the end of the 
eighteenth and the beginning of the nineteenth century. Arab and 
Muslim Mathematicians discovered a lot of relations between the 
three sections some of these examples are: 

Omar Ibn Ibrahim Al Khayyam (1044-1122) born and died 
Nishapur in Persia, he is most notable for this work on geometry 
“A commentary on the difficulties concerning the postulates of 
Euclid’s element’ and << al jabr wal muqabalah>>. 


Muhammad ibn Musa al Khawarizmi (781-850) born in 
Khwarezm the moved the Baghdad his most important work was 
“ The Compendious book and calculating by Completion and 
Balancing “ and he discovered Algebraic methods to solve first 
and second-degree equations in one or two variables. 
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You have studied the exponents and roots in secondary classes 
and you learned the power of a number if the exponent is a natural 
number also you have lcarned the square roots for a positive mimber 
and the properties of it. 


Definition (3-1) 
i wk bates 


1) a®=axa x... xa (multiplied by itself n-times) 
2) Special case a"=1 
ao a * = fa)" ai! -— sast 


The properties of exponents: 


Taib ER ¥n.m€ Z [Z iş the set of integers), a #0, b= 0 then, 
L} a" xa™=a"" (if bases are same powers will be added} 


2) ani 


a 
3) =a (in a division, if bases are same, powers will be subtracted } 


1 
a" 
n-i 


4) fa"y"=a™ (power rule} 


5) (a. b)"=a". b" 


6) (5) 
DO 
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Definition (3-2) 


[ff aR nE N.ni then every real number x satisfies the 
equation x” =a is said to be the nth root of the number a and 
its denoted by 1a or gi 


From the definition, we conclude the following: 

lI) Yng N> 0 =0 

2) If (n) ts an even natural number and (a) is 4 positive real number 
then the both of X=-*/a .X= Ya provided the equation X"= a 
341f(n)isevenanatural number and (a) is anegativereal number then 
there 1s nọ real number provided the equation X"= a (X"eventX ER} 
4) Lf {n} 1s an odd natural number and (4) 18 a real number then 
there is only one real number satisfy the equation X"= a 


k) 
# 


——— 
— 


If abERIGEN. n=] then 
1) \/ab=\Ya ./b {such that b = 0.a = o if (n) is even number} 


fan Achia if "n" is even number 
“ab lher wR if "nis odd number 


"e . Fea? 
Find the value of a 
8l x 16” 


Solution i i 


Bx ig? {300 (3x2) 2"x2%x3" 
81x 167 a xi?" 3*% 24 


a F atk u FAES py 22 


inii 
If mn ©Z then proof 


125% 15" 25" g 


—a-__ 


aa 3 


125 x15" x25" Sx 5 xa x (57 


7" 5m (3x54) x5" 


left side = 


57y $8 3 ty 5 ied 


ek aay all 
=5 Sem Sein A Diee n-m e i 


right side =5x3*= 5x = 
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l a | 


Q1) Find the result of the following: 


A) Vy64 B) 16+ (16)! C) (3)'4(2)" D) (9)"+(8)° 
E)(a #0) 3a” F) G27 )> G) —— H) gig 
ig “x2° 6% 3? 


D (3 -32 ° J) (atb#0) a+b)’ K) (3a) 


Q2) Write the following in the simplest form: 


A) (3 p 2a’ B) E EMEA J72 j? 
4 45a s 

C) 2 ra D) caida be 
7a te 


Q3) Write the followings such that the denominator becomes 1 


without using roots use exponents: 


A) Sx B) —L..b#0 œ 2e .dxo 
b` d 
; i 1 4b’ 
D) Vx x “feex 20 E) F) <b #0 
bte bec 
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Q4) If a ER and m is an even integer, which one of the following 
is correct? 

A) a™>0O B) a™<0 

C) a™>0 D)a™<0 


Q5) If a©R and a is negative number, and m is an odd integer. 
Which of the followings is correct? 

A) a™>0O B) a™<0 

C) a™>0 D) a™<0 


Q6) Prove that: 
A) a (z-x)y e (y-z)x =j B) Po va a F - x! 


a (x-y)z 


Q7) Prove that: 


l + : =1 
l+a®™” Ita’ 
Q8) Prove that: 
2n 2n-1 
5x3° -4x3 ıl 
a ae aa a 15 


Q9) Simplify the following: 
4 n-1 2n 
6 x 27 (32043 
Ae E. a A a 3ng n] 


Q10) Prove that: 
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The exponential equations contam a variable in the exponent to 
solve such kind of equations follow the steps 

1) tn any equation: (( if bases are equal then the exponents are 
equal too if the base + 1}) 

Such thatta‘=a'=>x=y,a z] 

2)1f =y then x=y nisadd 

k=+y¥ jfnis even 

3) [f s =y" sns me 


Notice that the solution of the following equations: 


A) j 1 b 4 
(x42) 7 = a {x+ iTe} T 
x+2=3— x= 
S= 
B) , 
xi = 3° 
-E 
ae) 


(ays zy Taking the rooi of both sides 


| 
EOE! 
maea Cubing both sides 
y 8 
(xtyat(-y 
I 
‘= “qt 
I 
x= +— 
a7 | 
Ga={t— } 
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Example 3 
Solve the equation 2 


2 
X -2x+] _ a 


Solution 
we make the same bases inboth sides of the equation 


x xt] _ > 2x43) 


x - 2x +1 =2x+6 


x -4x-5=0 
(x-5) (x+1) =0 =Œ x=5.-x=-l 
S= La] 


This equation is said to be exponential equation since the 
exponents are variable. 


Example 4 


Solve the equation 37! - 4x3* = -81 


Solution 
3™*x3-4x3*x3+81=0+3 
3% - 12 x 3%+ 27 =0 
(3* - 3) (3"- 9) =0 
35 = 9 => 3=3°S>x=2 
3 =3=}x=l1l 


Solution set={1,2} 
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Example 5 
Find the value of x if: 


Ay = 5"! B) (x+3P = “4 Cy) ft{x-1y=2° 


Solution 


C) By applying the note 3 
fx-[} = 2? = X Lle4?2 =>x 23 
x =-l 
B) By applying the nate 2 
(KHD = 4° => xe Fede 
\) By applying the note 2 


gela eo nn ee ee | 


Example 6 


Solve the equation im R such that 


4 x | 


$2487 748 


a 
—+ 
a 

á 


3 afd 

x K 1 a 2 
8248? «8748? x8? ald 
i ' 2 
fissis] 


` 


a 
2 


$7 (1+2+4)=14 


8x Ta ldo 8? ade (2p a2= 2 ot oe OF 2 


= — ea | = xn- 
2 
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AS 
| Exercises (3-2) f 


Q1) Solve each of the following equations: 


A) 27 =3 B) (VBP=-67 O Y=- 


27 
x?-3x-2 x x = (x-4)(x-5) _ 
D) 6 = 36 E) -6x5 +25+5=0 F) 10 = 100 
G) 5 (5°+5 *)=26 H) 9211+357 — 65(2*-1) I) gS IY eam 


Q2) Solve the equation in R such that 
319% _97x 3 
Q3) Solve each of the following equations: 


(243)*'x(27)*? 
(729) 2* 


= 81 


Q4) Find the value of xE R if: 
A) oe 
3°143%43* *! = 39 
B) 4° +4(2")+3 
E e =25 
4° +2* 
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a | EI ia aby mall) [ wa oF 
5 M | ROTES L er =| aD 


=e = L F- = = 


guchiast Yel. vio. YE 


Some of the roots are quantifies can never be calculated exactly 


This kind of square roots ts called the surds square roots, we will 


study some properties to help us simplify them. 


Properties 


1. vx xy =9xy and vice versa 


Vex ¥ 12 V2 
Fa Ye Se e rey 


vx _ A X : 
A ~ ER and vicc versa such that y =o 


bor example: 


4 wy 
m A = 
= p—s 
F 3 3 
For cxample: oe Ay 
dy By 
Example 7 


Order the following square root ascendingly: 
Vizio. Y 


Solution 


The order is: 


dana se. u ouo S 
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The conjugate is the number multiplied by the irrational value 
to convert it to a rational value. 


The conjugate of 2/3 is /3 since 2/3 x /3 =2x3 =6 

And the conjugate of 3/3 is 3/3? such that 

And conjugate of 5-./ 6 is 5+./6 since their product is: 
(5-/6 )(5+/ 6 )=25-6=19 

And the conjugate of 3.,/2- 2/5 is 3,/2+2./5 since 
(342 -2,f5 )(3.,/2 +245 )=9x2-4x5=-2 


And the conjugate of */5-1 is y 5+3 5 +1 since 


(3/5 -1)(725 +45 +1) =3/425-1=5-1=4 


(difference of two cubes) 


Example 8 


Simplify the denominator to become a rational quantity: 


1 1 1 
w ee 
j2-1 /3+/2 2+./3 
Solution 


Lo v2 1 1 o v32 {Boge 
de a als Ge sare oe 
_ 241, 43 -y2 2-43 


2-1 3 - 2 4-3 
= /2+1+/3 -/2+2-/f3 =3 
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We studied the Mapping in the previous years and now we will explain 
the concept of function which is a mapping it has domain and codomain 
are nonempty sets belong to R expressed as Jy ©B,Vx€A f:A —B 


(y is unique element), Such that A,B CR,y = f(x) 
[3-5-1] Finding the domain of Real Functions 
wewillstudy: polynomial functions, fractionalfunctions, Rootfunctions, 
exponential functions such that the domain varies from a type to other. 
*The polynomial function: is expressed as f(x)=a,x"+ a,x"! +...44, 
4:8 pay ER 
It also includes the linear fnction such that f(x) = 3x - 1 
square function: g(x)=x’-5x+9 , and the cubic function: 
h(x)=x?-2x°+x-1 
The domain in these cases is R. 


*Fractional Function: to find the domain of this type of functions 
we make the denominator equal to zero and find x the domain 


becomes then R\{possible values of x} 
For example: 


1) f(x) = 2 we make x+5 = 0 = x = -5 then the domain is R\{-5}. 
X 


2) g(x)= a x?-4=0 = x= 2, the domain is R\{F2}. 


*The root function: to find the domain of this function we find the 
possible values of x the makes the inside of root greater or equal to 


“zero” , for example: 

1) f(x)=/x-7,x-72053x27 ‘x= Rix 7} 

2) g(x) =V/3x+5,3x205x>Q {x = R2 4} 

3) h(x)=/T-23x,1-2x 20-22-1345 {x = Rix Sz} 


*The exponential function: fa(x)=a* such that x ©<R,a©R*\{1} 
such that a is the base, x is the exponent, for example: 


f (x)= GET =(,/5)', g,(x)=3*,f (x)= 2* 


Note: f(x)=1*=1 this is a constant function, so we rule out 
a=1 in the exponential function. 
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[3-5-2] Representing Real Function in the Coordinate Plane 
First: representing the linear function f(x)=ax+b = suchthat ax0,a,b ER 


For example: y=2x+3 
f(x) =2x+3,VxER y 


Note that this function represents a straight line. 0 


~ st. 


Second: representing the second-degree 
2 
function f(x) = ax" +b such that 


a,b ER,az 0 j 

Example: represent the function 
f(x) = 2x?+3 when a>O0,be= 0 

foo | et ee 

x 
Note that the function represents Jon 

the upper half of the coordinate plane. 


Example: represent the function 


f(x)=-4x7 when a<0 y 
ox | 1 |o] 4a | 
| y | 4 |o] 4 | 
Note that the shape of the function is / \ 
on the lower half of the coordinate plane. A 
Third: Representing the third-degree functions 
such that f(x) = ax°+b ,abER ,a #0 
Example: represent the function y y 
f(x) = x°+2 
-è | 1 jop a 
“ 
Example: Represent the function 
f(x) =-x° 
3 
f(x) = x°+2 f(x) = -x 


Fourth: representing the exponential function f, (x)=a* 

Example: 

A) Find the values of the function f(x)=2* for reach 
x=-3,-2,-1.0,1,2,3 then use them to graph the same part of the 
function. 

B) Find the method by the help of the previous function to graph 
some part of the function: f, (x) on the same figure. 

Solution: 7 


A) f(x) =2* 


B) g = fi =( = (2 = 2*= f(-x) 

Let's sens R, is a reflection by the y-axis 

R : (% y) = (-x y) then the image of (x, 2") = (-x, 2") we find a curve 
of the function g(x() from the curve f(x)=2* by reflection by 


the y-axis, as shown in the figure (3-1). 


Figure (3-1) 
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1. If we graph the curves of the functions 2°. 3°. 4". 5* cw... 


and the functions (L X) (L )\(_L (L Pen. 
2 3 4 5 


We will find two groups of the curves: 

First: When a> 1 such that the value of the function a* increases 
when x increases. 

Second: when 1<a<0O such that the value of function a* 
decreases when x increase. 

We represented the graph of six of these functions on the figure 
(3-2) (a part of each curve), in which three of them a > 1 and three 
of them 1 <a<0 and then chose the value of the last three a the 
reverse of first three, we note all curves pass through the point 
(0,1) 

2. If we consider the curve of any of the exponential functions 
a*,az# 0, we find its domain is R. 


Figure (3-2) 
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| Exercises oo f 
yab raath _ ¥a-b q 


B)if y=44- 2+1 ,x=42+1 prove that x y =3 
Q2) Represent the functions graphically: 


Q1) A) Simplify 


al F(x) = -Ax + 9 b) F(x) =W- 5 c) fix) ie x" 
Q3) Find the domain of the function: 


_ #1 


x+9 
d) F(x) = ~ 3-5x e) F(x) = -— 


a) f(x) =x° -5x+9 b) f(x) 


Q4) Find the value of the following such that the denominator 


becomes a rational quantity: 


3 2E a a-b 
A) =" = Ans - 
/3 2 fA — 
2 SOF 5 v5 +1 J5 -1 Ans: l 
= = Ans: "= C rey z ij 
Faeroe) 2 vo cl je 41 


5) Prove that: 
Ay = iB g Fe Be 
xX -ÉH fx IET 2 4x43 


B) Find x in the form of a+ J3b if x+J3x=8 | 


2) 
5, 


6) Graph a part of the curve for the function y = 
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Chapter 4: Trigonometry 


[4-1] Directed angle in standard position 

[4-2] The degree mesure and the radian measure of angles 
[4-3] The relation between the radian and the degree measure 
[4-4] Trigonometric ratios for acute angles and some basic 
relations 

[4-5] Trigonometric ratios for special angles 

[4-6] Unit circle and trigonometric point 

[4-7] Circular applications 

[4-8] Using the calculator to find the values of circular 
applictions 

[4-9] Solution of Right Angled Triangle 

Aims and Skills 

- Learning the Absolute value 

- Solving Absolute value equation 

- Solving System of equations 


- Solving first-degree inequality with one 


- Solving Second-degree Inequaliti¢ th va 
oiai as E kn 


Terms Symbol or Mathematical relations|. 
Directed angle (BA € An 4 

The degree mesure and “SE 

the radian measure ‘> 


Triangle point 


f | 


Fourth chapter : Trigonometry, 


Introduction: The Muslims have a big role in collecting what was spread of the 


trigonometry from the greek books. The Babylonians, the Egyptians, the Indians, 
the Chinese and the Greeks had clear signs in this area of study. And from the 
Muslim scientists that contributed in this area: 

AL- Beronni (362-440 h)=( 973-1048 ): he is Abo AL-rayhan mohammed bin 
ahmed Alfalaki. he is an arab with persian origins, he was born in Kath Bokharizm 
and died in Ghazna in Afghanistan and has a theory to find the earth’s perimeter 


in his book “Al- Istirlab” and it is called AL-Beronni’s formula and states that 


_ bCosx 
V= 4 - Cos x 
mountain, b:the observed height, x:the angle of the slope of the horizon. 


AL-Bozjani: :(328-388 h) = (940-988) he is Mohammed bin Mohammed Yahya 
bin Ismael bin Al-Abbas abo AL-Wafaa, born in the city of Bozjan and in 959 he 


where r:is half of the earth’s diameter, a:the height of the tallest 


mmoved to Baghdad. he is thw first to put the triangular ratio and use it to slove 


mathemaical equations and he made the following formulas: 


Sin x —2Sin *_ Cos *_ . 2Sin? _*_ =1- Cos x 


2 2 2 
Sin(x+y)=-/Sin’x -Sin’x Siny +4/Sin’y - Sin’y Sin’x 
Sin X  Cotx _ COS X 
Cos x Sin x 


Secx = ./1+Tan °x « cecx = ~/ l+ Cot’x 


% Al-Kashi (899 h) = (1492 ): He is Ghayath AL-deen Jamsheed bin Masood 
bin Mahmood bin Al-Kashi. he was born in the city of Kashan in Iran and he died 


Tanx = 


in Samarkand, he is considered as an excellent mathematician as the pi (7) was 
found by him in his book (Al-resala Al mohita ) where he gave 15 decimals for 
2n , 2m = 6.2831857179586 And one of his books is called (Miftah Al-Hesab) that 
contains: Calculus, Trigonometry,Areas etc... And the field of Trigonometry has 
developed in the 17th century by the scotttish scintist JOhn Nappier(1550-1617) 
and the field of trigonometry has many uses in area, geography, physics and navi- 


gation. In this chapterwe are going to study the basics of trigonometry. 
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LH ‘Definition (4-1) SS 


Directed Lhe ‘If the 1e two dia ddi BA, PBE BChave a a common initial TARR that is BX 


or < ABC. 


(Rotating anti clockwise) 


Positive angle X 


Negative angle 


Rotating clockwise 


Figure (4 - 2) Figure (4-1) 
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Degree Measure; We leanred trom our previous studies that if we made the circles 


ag 360 equal parts we will have 360 equal arcs and each are is opposing a central 
angle in that circle and the measure of that angle is called the degree measure and 
is denoted by 1° . 
1°=60 minutes = 60 , 1 =60 seconds = 360” 
Radian Measures There is another system for measuring the angle and it ts called 
the radian mn¢asure of angles. 

| Definition (4 - 3) 
The unit of measuring the angles by radian measure la the angle that is half diamet- 
ric and it’s the measure of the angles that’s vertix is on the circles center and is op- 
posed hy an are thas length is equal to radius of the circle. 
In figure(4-3] if we assumed hat the length of the arc opposing to the central 
angle ADB is equal to L the unit of the length of half the diameter =t units and 
if Ler, me AOP =] the angle of the radins: 
and if L= 2r as in figure (4-4) then 


m<AOB by radian measure =2 of half dimetric angle 


hEUTE | 4 


Aud Fron detiniligu{4-3) we cau know that the length of the arc of the circle that’s 


radius isccL=|Q|.r , |Q [is the measure of the central angle opposite to that 


arc measured by radian. 
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2n the angle of the radius = 360 


n angle of the radius —180 


laa" l 
[= radian angle 1 <= 
radian angle 2. = 1° <= 


“180 


[n general : A` If the measure of a directed angle =Q radian angle 
D'n 


Then Q is a radian angle = 
140° 
D If the measure of a directed angle = “D 
Then DY = (Qx 189 5 radian angle: 
Ti 


We conclude : i= = 
p 180° 


1 
1 


We use this relation to convert from the radian measure to the degree measure 


and vice versa. 


62 


Example 1 


—+» 
If < AOB is in standard position and opposite to an arc that’s length is 10 crn ina 
circle that has a radius of 12cm 

—> 
A) Bind m < AOB by radians measure where : 
OX Mm AOBS 20 note that the center of the circle is the origin point, 
— 

B) Find by radians me AOB where: 


-In<m<=AOB<O 
Solution : 


L=10cem.r=12cm 


A)... Radian angle |Q] --L = 10-9 _ = 0.933 
r 12 6 


B) In this case the measure of the angle will be negative: 


l=- = .._3. = nse 
T I 6 


-. Q =- 0.833 Radians because the angle is negative. 


Example 2 


- ->l .45 f =b à Š 3n P= ad. 7 
If <AOB was in it's standard position and it's measure was rE what's its measure 


in degrees? 


Solution 
Site 
D 180° 
E 
4 Tt ey * 3 + 
— =- > De 180 * 2 £95 
D’ 180° 4 
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Example 3 


Convert: A | *45 to radians 


A) 2.67 to de..... 


Solution : 
A} Si U aE i mm = MELS Radians 
D’ io i OF 45 = 4 
B) 2 us 267 _96 x 180° = 468° = D 
i D’ iso” = D A 
Example 4 


If the measure of a central angle 1s 60° what is the length of the are that it 


opposite to, knowing that the length of the radius is 9 cm. 


Solution : 
ea ee ee” ee S =n- Radians 
D’ ] rT io” S 3 
oo = l= geb eia 
= 9,426 cm 
Example 5 


The length of the arc of a central angle is 21_1_ cm and the length of its radius 


4 
is 20 cm, what is the degree measure of that central angle? 
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Solution : 


21 
ls 4 l7 

lol-— »lol- sAr poliam 

| = 20 l6 

ave 

eos JG 2 
D o © D 180° 

TO i La 7 i ° 
D F x "180 x E = 60 .85 


Example 6 


In a right angle triangle, the difference berweeen its two acute angles is 0.44 radians, 


what is the measure of each angle in degrees? 
Solution : 

"x Be a T O44 

J80 D = 130° D 


-D 0.44 x 180 0.44 x 180 


SO dF 
m 3.14 
We assume that the degree measures of the two acute angles are A,B 
At Beso” ous: ill 
ADD THEM —*_8= 52 : 
2A4=115.2 
TE A=S7E" 
B= 32.4° 


Conclusion 


The relation between the degree and the radian measures is : 
The relation beetween the central angle Q and the 
ength of the are L and the radius of their cirele ris: IQ ade 


DEO JS 


Se 


Excercise (4 - 1) 


Ql / 

Convert each ofthe following degrees to radians: 
300°.120°.30° 

Q2/ 


Convert each of the follwing radians to degrees: 


Q3 / 

The measure of a central angle in a circle is — radians opposite to an arc that’s 
length is 25cm find the radius of the circle. 

Ans/ 30cm 

Q4 / 

What is the length of the arc that opposite to the central angle that’s measure is 
135° in a circle that has a radius of 8cm? 

Ans/ 18.857 

Q5 / 

The sum of two angles is ra radians and the differnce between them is 9° 

find the measure of these two angles in degrees. 

Ans/ 27° 18° 

Q6 / 

Draw < AOB in its standard position if it’s measure is on then find its measure 


in degrees. 
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Figure (4-5) represents a right triangle at C 


Let m < ACB=Q 


Figure (4-5) 


© Opposite 


Adjacent 


1. The ratio AC 


is called Sine of the acute angle (Q) 


And it is written as Sin Q = AC. = OPP. 
AB HYP. 


2. The ration BC 


is called the Cosine of the acute angle Q 
And it is written as CosQ = BC _ ADJ. 


3. The ratio AC 


is called the Tangent of the acute angle Q 


And it’s written astan Q = AC -OPR 
BC ADJ. 
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And from Figure (4-5) we get (AC)’+(BC)* = (AB) (Pythagorean theorem) 


When we divide both sides by (AB)” we get: 


2 


AB 


AB 


BC 


AB 


AC 


AB 


2 2 
= + 


And from definition (4-4) 


And from definition (4-4) we also get: 


tanQ = Az and by dividing both sides by (AB) we get: 
B 
AC 
tan Q = AB 
BC 
AB 
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(4-5) Trigonometricratios for special angles 


1) A 45° Angle 
We draw a triangle that is right at B. And one of it’s angles is (45°). So the other 


angles is (45°) also. 


AB=BC=L 
Pythagorean: (AC) = (ABY + (BC) 


(ACY = LL’ = 217 


AC= 42L 


sn45°-_- ._ | > 
V2. 3) 2 De 


Cos 45°=_L -_ 1 => E 
Qi J2 o 
L 


We draw an equalteral triangle with the length of one side = 2L 


2) A 30°,60° Angle 


And the measure of all its angles=60° 

We draw BC L AD as in the figure. 
L=DB=CD unit 

And m < BAD = 30° 


Using the Pythagorean theorem we get: 


AD = /3 L 

sin 30° = -_! => (sin 30°=_1 
2 2 2 

sin 60° = W3L_ 13 = sin 60°= V2 


Notice that: sin 30° = cos 60° = 2 


2 
3 
Also cos 30° = sin 60° 13° 
2 


Meaning that the sine of one of the angles is equal to the consine of the other 


angle. And in general if Q was an Acute angle then we can say (90°-Q): 


sin (90° -Q ) = cos Q 


cos (90° -Q ) = sin Q 


Conclusion 


: Opposite Adjacent Opposite 
x = = = 
ol Q — Hypotenuse’ COS Q ~ Hypotenuse’? tan Q — Adjacent 


Sin Oncor OIG O Ses 
cosQ 
* sin (90° —Q) = cos Q, cos (90° — Q) = sinQ 
I 3 
= Sins) = cos 60E COs ON E sno 2 


7S) COS 45) s 


1 
2 
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- Definition (4 - 5) 
Unit circle: Is a circle that its center is the: origin point and the length of its 


radius is equal to 1 length unit. 


—> 

The trigonometric point for an angle in the figure Q= m < BOA, A direct angle 
—> 

in standard poition, B is the point of intersection between the terminal side OB 


with the unit circle. We assume that B(x,y) 


sin Q = 2 => sin Q= Y 
B(xy ) : 


cos Q=_X_ => cos Q=X 
1 
(|X .. B(xy) = (cosQ,sin Q) 
Li 
LY . 


The trigonometric point fof the directed angle i in standard position is the 


intersection point between the feal sitle bf the angle with the unit circle. 
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Notice 


—> 
that point B is a trigonometric point for angle AOB, we can see that every 


diected angle Q in standard position is a trigonometric point(x,y) and sinQ=y, 


cosQ=x. 


Example 7 


Find sinQ, cosQ, tanQ if you know that Q=0,90,180 


Solution : 


We know that 0°,90°, 180° are on the terminal side for each of them on one of the 


axis. As in figure (4-6) so: 


12 


(cos 0 , sin 0) = (1 , 0) => cos0 = 1 
sin 0° =0 
..tan0° = anon a =0 = tan0=0 
cos°0 1 
(cos 90° , sin 90°) = (0,1 ) ¥ 
=> cos 90°= 0. sin 90°=1 
But sin90” = tan 90° undefined 


cos90 
(cos 180° , sin 180°) = (-1, 0) * 


B (cos90°, sin90°) 


=> cos 180°= -1. sin 180°= 0 


=> tan 180°=0 


Figure (4 - 6) 


[2771] Angles of eleyationland depression] 

We can find the heights and dimensions when we can measure the angle that we 
are seeing the mat. If the observer stands in point A and looks at point C that is 
over the horizon of point A, then the angle that is between the line from the eye 
of the observer to point C and the horizon of A is called ( angle of elevation ) for 


ex: the angle < CAB in figure (4-7). 


And if the eye of the observer is at C and 


Depression angle A 


he looks at A below the horizon of C, F 
rom C 


then the angle formed between the line 


from the eye of the observer to point 
Elevation angle C 


A and the horizion C is called (angle A 


of depression) for ex: angle <C ACD in 
figure (4-7) 


Figure (4 - 7) 
Example 8 


The length of the string of a kite is 30m, if the angle that the string is makin 
with the earth (the horizon) is 45°. 
Find the height of the kite. 


Solution : 


We assume that the height = L length unit 


the triangle ABC is a right triangle at B 


; OPP. 1 L 
. sin 45° =——— => aa 


Hyp. /2 30 


L R = 21.21m 


Figure (4 - 8) 


Example 9 


An observer found that the angle of elevation of a minaret from a point on the 


ground that is 8 m away from its base is 60° what is the height of the minaret? 


Solution : 


A ABC hasa right angle at B: 


tan 60°= OPP. 
ADJ. 


(3= AB 
8 


. . Height of the minaret AB = 8 y 3 


FIGURE (4 - 9) 
Example 10 
The height of a mountain 2350m, and observer found from its top that the depres- 


sion angle on the ground is 70°. What is the distance between the point and the 
observer? Sin 70°= 0.9396 . 


Solution : 


Elevation angle= Depression angle 


A ABC has a right angle at B 


sin 70°= AB 
AC 
0.9396 = 2350 
AC 
i 2350 
. ACS =~ 2500m 


0.9396 


Figure (4 - 10) 
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Ex ample I] 


From thé roof of a house height of 7 meters, observer found a moniter that the 
angle of the height of the highest building in front of 60 and the angle of low base 


30 very dimension between the observer and building and the height of building. 


Solution : 


“pac ~ { ACB 


Å ABC right angled in B: 


tan 30° = 7 
Y 


A EAD in the right angle D: 


tan 60° = X 
Y 
fs = => X=21m 


3 


The height of building = X + 7 Fa 


= 2l +7 = 24m 
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Example 12 
The observer Watched that the angle of the height of the balloon is 30 and when 
the observer went in the horizontal level towards the balloon distance of 1000 


meters saw that the angle of elevation is 45 find the height balloon to the nearest 


meter. 
Solution 
A ABC right angle in B: 
tan45°= Š 
y 
la 
y 
x=y.....@ 
tan 30°S ne a 
y + 1000 © 
S = 
= 3y= 1000 
3 y= 1000 V3y=y+ 
1.7 y - y = 1000 
J= n = 1428.6 
OF — i 


. . The height of the balloon x = 1429 


Figure (4 - 12) 
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AAA 


VAN ANN 


: te RR an bare ofthe N 


In figure (4-13) <C AOB is called a Ccentral angle by the angle of the smaller sector 
that has an angle with the measure of less than 180° 


Area of the circular sector = — Length of the arc AB x r 


If we assume that the measure of the 
central angle by radians=Q 

Q= — >L=Qr 

And by substituting in the first equation: 


Figure (4-13) 


Corollary: If we assume that the surface of a circle is a 
sector with an angle of 27 
e i 1 
. Area of the circle ae (2n)xr = nr 


1 
a 2 
oe 2 Qr’ = Area of circular sector 
D m 2 Area of surface of circle 
D° Ae Je 
o = pa ae D’ is the measure of the central angle of the sector in degrees 
Area of circular sector — D | Q 
Area of surface of circle 360° 27 


The measeure of its degree angle 
360 


Area of the circular sector = x area of the circle 
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Example 13 
Find the area of the circular sector if the measure of its angle is 60° and the 
length of the radius is 8cm. 


Solution : 


1 
Area of the sector = 5 Qr 


1 
= x TAO x64 - 


1 
ae ea x 64 = 33.49 cm? 


D’ 
Another solution : area of the circular sector = 360° x the area of its circle 


tsas s 


360° 


64x3.l4x_l = 33.49 cm? 
6 


Example 14 
The erea of a circular sector is 15cm? and the length of its arc is 6cm. Find the 


length of the radius, perimeter of the circle, the measure of its angle in Degree 


Solution : 


1 
fi- E3 Lr = Area of circular sector 


ee sr > r5 
2 


2- Perimeter of circular sector = 2r + L 


cm 16=6+5x2= 


3- Radians 1.2 - 6 -Q S bjo 
5 r 
su len -Q 


68 . 7898 ° = 180° x 1.2 -D° .'. 
3.14 
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The angle of the smaller segment and 
is angle is less than 180° 


To find the segment's area: 


Figure (4-14) 


We assume that Q is the radian measure 


of the smaller segment 


Area of segment ABC = Area of sector (OACB) - Area of A OAB .’. 


—— 


= (OACB)'s sector's area °.’ 


>* OA x OB xsinQ = OAB A\s area 
1 
n x r xrsinQ = OAB Ô 
1 , : 
-o ar- r sinQ = AC's area... 


a r’ (Q-sinQ)= ACB Segment’s area 
2 


Where Q is the measure of the segment’s angle in radians , r is the length of the 
circles radius. 
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Example 15 


Find the area of the segment that has a radius of 12cm and the measure ofits 


angleis 30° 

Solution : 
t=Q _, t= _,Q-05236 
180 D° 180° 30° 


`.” The Area of the segment = — r’ (Q - sin 30°) 


= ( -0.5 0.5236 ) x 144 x — 


.". Area of the segment = (0.0236) x 144 x > = 1.7cm ° 


Example 16 


O is the center of a circle thats radius is 6cm, a 6cm chord was drawn in it, 
estimate the area of the smaller segment in cm? 
Solution : 

A AOB is equilateral 


*, m< AOB = 60° 


180° D 180° 60° 3 a 
| (Q- sinQ) = Area of the segment 
2 


TmT _ Q = W 2 Q Q= T = 22 = 1.047 


> x 36 (1.047-sin60°) = 


18 (1.047 -0.865) 


3.276cm’ = 18 (0.182) 


Figure 4-15 
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SF 


Exercises ( 4 - 2 ) 
Ql / 


A person stood on top of a tower and saw two trees collinear with the tower’s 


base, if the depreseeion angle of the first tree is 70° and the depression angle of the 
second tree is 50°, find the distance between the two trees kowing that that height 
of the tower is 30m, tan50°=1.2, tan70°=2.8. Ans/ 14.28cm 
Q?2 / 
From a point that is 50m away from the base of a tower, it was found that the 
elevation angle of its peak is 30° , what is the height of the tower. 

Ans/ 28.9cm 
Q3 / 
Find the area of a circular sector that’s arc’s length is 8cm and the length of the 
radius of it’s circle is 3.2cm. Ans/ 12.8cm? 
Q4 / 
Find the area of a circular sector, if the mesure of its angle is 100°, the length of the 
radius is 10cm. Ans/ 87.3cm? 
Q5 / 
The area of a circular segment is 37.68cm2 and the length of the radius of its circle 
is 6cm, find the length of its arc. Ans/ 12.56cm 
Q6 / 
Half the perimeter of a circle is 10cm. Find the area of the circular sector in it 
that’s angle is 450 Ans/ 3.98cm* 
Q7 / 
Find the area of a cicrular segment thats angle is 600 and the measur of the radius 


of its circle is 8cm. Ans/ 5.81cm” 


81 


You knew in section [4-2] that an angle has two methods to calculate that are: 
the 
degree measure and the radian mesaure and a calculator uses both of these ways. 
we can see the degree measure on top of a calculator which is denoted by (DEG) 
which stands for (Degree). 
And the Radian measure is denoted by (RAD) that stands for RADIAN. 
and these two symbols appear on top of the screen after pressing DRG—, First 
press shows DEG and the second shows RAD and vice versa.There are also 
special 
keys for Traingular ratios too. 
key (sin) stands for (Sine) 
Key (cos) stands for (Cosine) 
Key (tan) stands for (tangent) 
How to use the calculator: 
1.We choose the degree measure system (DEG) or the radian measure (RAD) by 
(DRG) 
2.We type in the measure of the angle acoording to the system we chose 
3.We press the keys of the trigonometric rations 
The following examples will explain it: 
Example 17 (1) sin 30° (2) cos 120° (3) tan 350° 
Find 


Solution : 


(1)Degree measure: We press until DEG shows on 
top of the screen. 


* type in 3. 


*press sin and you'll get the result 0.5 
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2) Degree measure: press until you can see DEG on top of the screen 
*type in 120 


*press ( cos) and you'll get the result~0.5 


3) Degree measure: We press until we can see DEG on top of the screen. 


*type in 350 then press-tan so the answer will be close to -0.17630 


Example 18 

Find tan_7™ (3). cos (- 3m) (2). T a (1) 
5 

Solution : 


*Radian measure: press until RAD shows up. 
* Press o the key that’s usually found on the keys 2ndf or INV and 
its usually in color other than black(yellow, red, etc..) 
* Press the key: n calculatios Ratio = Answeť 
(1) sin 2% 
4 
*press until RAD shows up. 
*Press 2ndf then m = 3.141592564 times 5 = 15.70796327 
Divided by 4 = 3.3926990817 then sin =0.707106781 
(2) cos (-3 n) 
It is known that cosQ= cos(-Q) ( we remove the negatvie sign) 
*press until RAD shows up. 


*Press 2ndf then m =3.141592564 multiply by 3 = 9.42477961 


Then cos =-1 
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TH 
3) Tan 
(3) 5 
*press unul RAD shows up. 


*Press fod Ethen n =3, 131592654 multiply by 7= 21.9114859 


Divide by 5 = 4.398229715 them press lan = 107701537 


Exercise : 


Find the tollowings using a calculator: 


{l} sin (7) (2) cos (-400°) (3) tan (-157) 
2 
(4) tan (-36") (5) cos > (6) tan 
Solution : 
(1) o5 


(2) 0766044443 
(3) 0.267949192 
(4) - 0.538 

{31 -0.5 


(6) -3.07 7683537 
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Po a tn Pe "es oe a PaT We | T J ij J į 
9) Soludion Rh An rimel 
| Pi i a a a at 


Each Triangle consists of 6 elements{ 3 sides and 3 angles) and solving the trian- 


gle means finding the unknown values of the elements. 


Example [9 
LE tan 22° = 0.4 Bnd; 
(L} sin 22%: cos 22° 


(2) cos 68°. sin 68° 


Solution : 
te 4 2 k 
tan 22° = SPP ee St Bf OD k 
Adjacent 10 5 E jå x 
+ + Opposite = 2k : 27 A 
++ Adjacent = 5k >R 


Pythagorean theorem (ABY + ( BC F=f ACY 
4K? + 25K" = (Ac) 


AG =4/29 K 


sin 63° = sin (90° -22") = cog 29°=_= — 2) 
ps 


eos 68° = coal CI" - 22°) = sin 22"= = 
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Example 20 
If you knew that cosC = -> in triangle ABC that is right angle at B.. Find sinA, 
13 


tanC, cosA. 


Solution : 


We draw ABC that is right at B: 


cos C = opposite _ 5k 13K 
Hypotenuse 13k 12K. 


(Pythagorean) (ACY = (ABY + (BC) 
.. 169 K? = (AB) + 25 K’ B 


5K 
(AB)= 144K’ => AB = 12K 


Example 21 
ABC is a triangle that has a right angle at A, AC=24cm, AB=7cm find: 


sin C, sin B, tan C, cos B 


Solution : 


(BC) =( AB)’ +(A CY 25cm 


(BC )= (7)? +(24)? = 49 + 576 = 625 7cm 


.. BC =25 cm 24cm 
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sin C = 7 < sin B = 24 
25 25 
tanC=_Z2Z . cosB=_7_ 
24 25 
Example 22 


Solve for the triangle ABC that has a right angle at B. If you knew that AB = 3cm, 


AC = 6cm A 
6 cm 60 
Solution : 3cm 
C30. B 


(AC) = (AB) + (BC) 
36 = 9 + (BC) 


BCS343- 


We found the lengths of the sides, now we will find the measures of the angles. 


tanC=_3_ =l => C=30° 


a ae 


m< A= 90° - 30° = 60° 


Conclusion 


In the solution for a right triangle we use: 
*Trigonometric ratios sinQ, cosQ, tanQ 


*We use the pythagorean theorem 


and depending on the nature of the question 


Excercises ( 4 - 3 ) 


QI / 

ABC is a right triangle at B, sinC = Eea Find sinA , tanC, cosC 

Q2/ 

ABC is a right triangle at C, BC= 24cm, AB=25. Find sin*B +cos’B using the 
given information 

Q3 / 

If cosQ =. Find tan Q, sin Q 

Q4 / 

The length of a ladder that’s anchored on a horizontal ground is 10 m. it’s other 
end is on a vertical wall. if the angle between the ledder and ground is 30°. What 
is the distance between it’s top end and the ground, and the distance between 
it's bottom end and the wall. Use 3 =/1.73 

Q5 / 

ABC is a right triangle at C, m<CAB =600, AB=20 cm. Find its area. 

Q6 / 

(A) En tan’ 30° + 2 sin 60° + 3 tan 45° + cos? 30° - tan 60° 

(B) cos” 45° sin 60° tan 60° cos? 30°. 

(C) sin 120°. cos 135% tan 150°. 


Q7 / 

In the figure: 

ABCD is a trapezoid where 
AD = BC (iscosceles) 

DC =2 0 cm, AB =14cm, 
AD = 6cm, Find m < CDA 


88 


5 Chapter 5: Vectors 


[5-1] Concept of vectors (geometric and algebraic) 

[5-2] Conorlical Vector 

[5-3] The Vector Length And Its Direction 

[5-4] The addition of vectors and multiply it by real number 
[5-5] Giving the vector in terms of unity in the coordinate plane 


Aims and skills 

At the and of this chapter the student will acknowledge: 
- Learning the Vector geometrically 

- Learning the Vector algebraically 

- Learning the Conorlical Vector 

- Finding the Length of Conorlical Vector 

- Finding the Direction of Conorlical Vector 

- Finding the addition of vectors 

- Finding the multiply of the Vector by real nu 

- Learning the unit Vector 


- put the Vector by unit Vectors 


Terms | Symbol or Mathe 


<r EE 


Introduction : Some physical and mathematical quantities such as length, mass, 
time, size, distance, etc. It is determined by a number indicating only its quantity, 
and such quantities are called numerical quantities or non-vector Quantities. Oth- 
er amounts such as power, speed and displacement will be trend plus the amount 
is necessary to fully determine such quantities are called vector quantities. Origi- 
nated an idea originally intended in the mechanics to represent 

The force, speed, displacement, etc., and used the piece A straight line from a 
point such as A is called the starting point to another point such as the B called 
point Finish to represent the vector and usually denotes the vector with the sym- 
bol A B where the arrow means that the object is directed From A to B. The vector 
may be represented by a single letter such as a (with its beginning and end) there 


are two ways to study vectors 


A y 


(1) geometric 
(2) algebraic 
In our study in this chapter we focus on algebraic part and using geometric part 


to Illustration 
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Basic concepts: Vectors geometrically means a line segment directed as we 


said above AB, CD, EF are different vectors figure (5-1) 


be 


Figure (5-1) 


Parallel Vectors: If the two segments are parallel, parallel vectors may have the 
— 


same direction or may be in the opposite direction. Figure (5-2) shows that AB 


EN 
parallel to CD and has the same direction 
— — 


However, AB is parallel to EF as they are in opposite direction 


E D B 


F C A 
Figure (5 - 2) 


Equivalent vectors: if they have same length and same direction. 
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For each vector in the plane there is a single vector whose equivalent starts from 


the point of origin (0, 0), so instead of Dealing froin an infinite number of vectors 
equal in length and direction, we will take the vector equalizer Which begins with 
the origin point representing all of them, is called the vector that begins with the 
origin point of the vector Standard or restricted vector. The rest with non-point 


vector are called free vector. 


Y 
D B, 
Natice that: Fi pr 
| P AE “F 
af 


OF. OF pve conorlical vectors Pa O r 


While CD, AD are free vectors 


Plgure | 5. 3) 


DaT 


-2-1 Vecto rs and its represe | 


We represented the pair (4, 3) with a point at the perpendicular coordinate and 
each pair of real numbers. We can represent ii by one point. The two pairs (3, 5), 
(2, 3} are represented by points C and B Respectively. Its origin is the point of ori- 
gin and the end of ordered pairs Known Oriented segments Oc, OB, OA. 


Y 
AGD) 


EIB) Brs,3) 


a 
x 


Finure (5-4) 
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The ordered pairs (3.4), (5.3), (3.2).On this basis we will represent the 
vector with a pair of real numbers Y 

we write OA ee (x,y) 

Because we will limit our study to 
vectors Conorlical only, so all start 


with the point of origin Only the 


final point is mentioned. 


Figure (5-5) 


Is the distance between the vectors starting 
point and the end point AB is the length of 


—— —— 
AB and symbolizes by ||AB|| 


Figure (5 - 6 ) 


Notice that the figure (5-6) 
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Example 1 


Find the length for each of the following : 
CON In ELELE 
10 10 


Solution 


Length vector ( 3,4 )is (3 XY + (4) =49+16 =5 
Ja. Valdis fh yo 2 98 y_ /100 _ 
Length vector (—— » Jis (~~) (a CA C) -o 1 


100 100 


a/(-12) + (-9} = ,/ 144 + 81 = 4/225 = 15 


Definition (5-2) 
Zero Vector : The vector (0,0) is called the zero vector because its starting and 


ending point Is the origin point. and symbolizis by 0, and length 0 = || 0 || . 


Definition (5-3) 
Equals vectors: The vector (x1, yl) and (x2, y2) are said to be equal if and only if 


X =X = 
1 of M1 Y, 


Vector direction: The angle made by the vector with the positive direction of the 


X- axis 
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—» —> 
If A =(x,y) was a vector, then the direction of A is known as the measured angle 
Q, where 0 < Q < 2m measured in the opposite direction of the clockwise direc- 
—> 
tion from the positive X- axis to the vector A 


Note that the direction of zero vector is undefined. 


cos Q= v¥*__ ; sinQ= V7 _ 


x+y x+y 


Example 2 


Find length and direction of OB = (V3, -1) 


Solution : 


|| OB || =-/(/3 } + (-1 = Yarl? 


— 
Assume that Q equals the measurement of the angle that Vector OB determines 


with the positive direction of the X- axis 


So cos Q= 13 
sin Q=_-l_ 
42 


And the direction of vector is 


a R= ln 
6 6 


Figure (5 - 7 ) 


Example 3 


Find the direction of (_1_,_1_) 


Wy 
Solution : 
Assume that Q is equal to vector angle measurement cs. ; ES 
2 Z 
: EPEE 
Jz v2 


From the figure (5-8) we noticed that 


Q is on the first quadrant 2 _ 
4 
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Example 4 


Find the vector if its length 5 and its direction 2 
6 


Solution : 
Suppose that a(x,y) 
cos Q= = => cos ue -* = 73 - = 
= 6 5 2 5 
ic ONS: 
2 
sin Q = BA = sin — =I => a 
| a: - 
5 
a 
the vector is (2°, ) 


Conclusion 


1)The length A(x,y) equal [Al so [A] SX + y’ 


> X 
2) To find the direction A(x,y) we use cos = [Al 
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| Exercise (5 - 1 ) 


Q1 / 
Find the length and the direction of the following vector and draw directed line 


segments which referred to: 


A) (-2,2) c B) (-3 , 0) s C) (173) 
D) (0,6) « BAd) e Easa) e G) (0,-8) 
Q2/ 
Find the vector with length and direction as the following: 
A) llIBll=2 .« 0s 

_ 6 

a 4 
c) IlBll= 4 < Q=n 
Dy lBl=3 « O23" 

= 2 
FE) IlBll-4a . Q=27 
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— 5 
To add two vectors such as A, B we geometrically draw one of them and from the 


other end point of the vector Which begins with the starting point of the first vec- 
tor and ends at the end point of the second vector is the sum of the vectors, check 
the fig(5-9). The sum of two vectors is found in a Parallelogram way, representing 


the total diameter Parallelogram in which two vectors are adjacent as in a fig(5-10): 


Figure (5-9) Figure (5-10) 
Two victors may be located on one straight line, then they are said to be on one 
— >. — 


—" 
straightness, as in the vectors, A, C while A and B are opposite in direction as in 


fig (5-11). 


Figure (5-11) 
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= =y 
If A and B are on one straightness, they are equal in length and opposite in direction, It was 


— — 
if A= (x,y) so B=(-x, -y) 


— = 
Notes that || A || = || B]| =\ x+y 


— 
The negative vector of A is denoted by the symbol -A 


Example 5 Y 

(4,5) 

B(1,4) 
—\ —\ A’ ‘a 

If A=(3,1).B=(1,4) findA +B 

A(3,1) 
Solution : 

O(0,0) X 


(5 - 12) JJl 


=S 4 
A +B=(3,1)+(1,4)=(4,5) 
This can be illustrated geometrically as in Figure (5-12) 
=N — — — 
Note that A + B represents the parallelogram diameter of the vector A, B 
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Example 6: 
SS. —\ — s+ Ss 
If A= (-4, 3). B = ( 5, -2) find A+B. 
Solution : 


AaB (-4, 3) + (5, -2) = (1,1) 


o 25 on 
(1) Closure Property: If both A and B are vectors then, A + B is also vectors 
(2) Associative property: If AB a are vectors then (A+ B) + -A$ (B +6) 
(3) Commutative Property: If A and B were a vector then A+B= BHA 

(4) Additive Identity: The zero vector is the Identity element in addition of the 
vector this means that if Ais any vector, 

A + (0,0) = (0,0) +A=A 

(5)Additive Inverse: : If ree any vector, another vector is A = B such that 

A +(B)=() phc (0,0) 


— — = aS, a SS 


(6) Elimination property: if A ,B are vectors and A + B = A+ C then B- Cc 
Example 7 

Find the additive inverse for the vector (-2 , 3) 

Solution : 


The additive inverse of (-2, 3) is (2,-3) because 
(-2,3) +(2,-3) =(-2+2, 3+(-3)) =(0,0) 
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Suppose that A =(x,y) and KA is a Straight vector on A and length equal K || All 
means k times 

As long as the length of vector ‘A when it is k>0 and has the same vector direction 
Figure (5-13) (If k < 0) is negative, the vector AK is located on the straightness of 


A and its length equals K || A || 


Figure (5 - 13) 
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Example 8 
If C= (3,-1) then find2C. C.-3C 
Solution 


2C = 2(3,-1) = (6, -2) 


De elie ay ey 3. -1 
zC 7 (3-1) = 


30-236.) -0>) 
Example 9 


A-G IB- Uad KS 3. = then fad 
(1)A+B (DKA (3)LB (KA +LB 


Solution : 


Gy AoE (3 44,22 9=7,.0 

O K A=36;.2)=0,6) 

Gy 1B2=2G e] 

(4) K A +LB=(9,-6)+( -8,-6 ) 
=(1, 42) 


(1) Distribution property For each A, B are vectors, K is real number 


(A+B) K=(AK+BK) 


(2) Associative property: For each A vector and both K, LER 


So (Kx L) A = K(L A) =L (KA) 
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(3) Elimination property: For each A, B vector, kER where K # 0 


If KA=KB so fiat A =e and vice versa 


1 XA =Ax1=A_ (4) 
0 xA =Ax0=0 (5) 


Example 10 
IfA =(3,4).B=(-1,3) findA-B 
Solution 


A -B= A+(B)=(3,4)+(1,-3)=(4,1) 


We can show that on the coordinate which means A - B represent Parallelogram 


diameter for A and for negative vector B . 


Figure (5 - 14) 
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Example 11 


Y 


IfA = (2,3)<B=(-2,-1)«K=2<L=-l find 


> - —_ —>* 


KA-LB(2) A-B (1) 


Solution : 
Gj A B UAH 


= (2, 3)+(2, 1)=(4, 4) 


Figure (5 - 15) shows that: 


Figure (5 - 15 ) 


(2) K'A- LB =2 (2,3) - (-1)(-2,-1) 
= (4,6) + (-2,-1) 
= (2 > 5) 


This is illustrated in the figure below: 


(-2 1) 
Figure ( 5- 16 ) 


We draw A then we extend it as long as we get ZA, then we draw and then find B 


then -1 x - B = B we will return to B again and 2A +B 


as we did in the previous example. 
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— =Ñ 
If C= (x, y)so C= (x, 0) + (0, y) 


nae 
C=x(1,0)+y(0,1) 
— — = — 
and this represents vector C in the terms of U U, C=xU +yJU, 


— — 


and we can write the vectors (9,0). (-3,0).«(0, -2).« (0, 6) in terms of U, U, 


as following 


(9,0)= 9U: (-3 , 0) = -3U, « (0 ,-2) = -2U «0, 6) =6 U, 


Example 12 


IfA = (4,7):B=(-5,3) find A +B and show the result in the terms of Units Vector 


Solution 


ABAS (-1,10)=-(1,0)+10(0,1)=-U +10 U, 
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Rased on that we can write any vector bwU T _ a8 the following examples: 
(2,5) =2U + 5U, 


(-4,2)2-40 420, 


(-2,.4)=-20'-30 


l 


if the vector written às two unit vectors we can find the order pair wich represent 


it, example 


B 


If A= 4U -j su, then A = (4,5) 


ee ë 


Be-20 +30, so mee (-2,3) and soon, 


Example [3 

A+B find A-U -3U..B=2U +U tf 

Solution 

AtB={ U . aU) + {2U + U) = U {l+2} + T (-3+1])= au - iu, 
=(3,-2) 


Example j4 
If A =(5,-3) and B = (-3,4) and K=2.L=3, find KA-LB then write it in the 


terms of unit vectors, 


Sofwtion 


KA-LB=2 (5, -3)-3 (3,4) 
= (10,6) + (9, +12) 
=(19,-18) 
= 14 U - 18 U, 
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| Excercise (5 - 2 ) 


Ql / 
Find the value the direction for each of the following with a graph 
(-2, -2)«< (3,0) v3 U_+U,.-U -2U, 
Q2 / 
Simplify the following 
A(1 5-1) « 2(1 , -1) € -7(1,5) «3 (2,-1 )+ 4-1, 5) 73U, + 2U,) < -420 -U ) 
Q3 / 
Represent each of the following vectors in the terms of Units Vectors U, T 
(3 , 2) (-1,4) «(-3,, -5) e (0, -1) (5, 3) (2, 0) 
Q4 / 
ifE =x, y where x,y © R and A is a vector so that 
A+E=E+ A =A prove that E = (0 , 0) 
Q5 / 
IfA+B=B+A= (0,0) prove that A =B 
Q6 / 
IfA = 3, 1) B= (J) 2x) 3) K = 3. L = -2 then find each of the following 
KB.L A.A +B.K A+BKA-B:K A+LB 
K A-LB«K(A +B).(L+K) Ax (L+K) (A+B). 
K(L A+KB).KL(A-B) 
Q7 / 
Solve the question 6 by representing each of the vector in the terms of Unit Vectors U, oc 
Q8 / 


—_>> ——S 
Represent each of the vector in the terms of Unit Vectors U < U, 


A) the length 3 and direction 2- B) the length 10 and direction = 
C) the length 5 and direction Z- D) the length >and direction n 
Q9 / 


IfA = (5,2). B= (2,-4) find x when 2A + 3x=5B 


108 


6 Chapter 6 : Analytical Geometry 


[6 - 1] Coordinate plane 

[6 -2] Distance Between Two Points 

[6 - 3] Coordinates of a partition point 

[6 - 4] Slope of The Line 

[6 - 5] Parallel Condition 

[6 - 6] Perpendicular Condition 

[6 - 7] Equation of The Line 

[6 - 8] The distance of a point from a given line 


Aims and skills 

At the and of this chapter the student will acknowledge: 

- Learning the coordinate plane 

- Finding distance between two points 

- Finding the midpoint of line segment 

- Finding of coordinates of a partition point 

- Learning the first degree equation with two variables 

- Learning the slope of the Line 

- Finding a first degree equation with two variables 

- Distinguish between the parallel and the perpendicular lines by their slopes 


- Finding the distance of a point from a given line D 


Terms | Symbol or Mathematical relations 


Distance Between Two Points LANG» i ya 
p | n 


z Z 


penaren 


Perpendicular Lines L ,L, Li L L< xm, = 
wg 


Equation of The Line 3 A 
| 


Analyte Geometry 


> 
If we draw two perpendicular lines x x. y y that cross each other at point (O) and 


we represented the real numbers ith R and we assumed that O represens the origin 
Figure (6-1)1 
- 

By doing that we have we have constructed a coordinate plane, we call the xx, 
the x-axis and the yr the y- axis. when we take any point in this plane, for exam- 
ple point A and we draw two lines, the first on the x-axis and the second on the 
y-axis to make points AB, and AC (see figure 6-1) 

When we write A(3,2) as an ordered pair of real numbers the x-axis comes first 
and the y-axis comes second. In this chapter we will assume that the x and y axis 
are perpendicular and that the length unit used in one of the axises is the same 


that it used in the other. 


A(3,2) 
C(O ,2) 


Of 0,0) BC 3 ,0) 


Figure (6-1)1 
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If we knew the coordinates of two points belonging to a plane ,the distance 
between can be calculated in the following way 
let two points A (x,,y,)«B(x,,y,) A ABC:isa right angle at C 
L’= (AC) + (BC) 
La xX- X, ) *+(y,- y,) 
distance between two points formula 
Or by using the AB=A-B formula 
AB=(x,,y,)-(%,,y) 


= Coe y, y) 


O Figure (6 - 2) 


Distance between two points || A B ||=4 (x,- x, ) “+(y,- y)? 


prove that the points A (-2 , 7) « B (-3, 4). C (1, 16). belong to a same single 


Example 1: 


straight sline. 


Solution : 


First way : 
A B=B -A = (-3, 4) - (-2, 7) = (-1, -3) 
AC=C-A=(1,16) -(-2,7)=(3, 9) =-3 ¢-1,-3) 


s ACAB 


. . points A,B,C belong to a same single straight line 
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Second way : 
[AB (243) (7-4F =/i49= 10 
[Ben (31) + aie) = fies 1d = fie0 = 4./70 
J AC = (-2-1} + (7-16) =./9 +81 =/90 = 3,/10 
BC = AB+ AC 
the points A,B,C must belong to a single straight line,because if they weren't 
they would have made a triangle and the sum of two sides would be bigger than 


.the third side 


Example 2 
prove that the triangle which has the following vertices A (1 , 1). B (2,2). 


C (5, -1) is a right triangle. 


Solution 


AB =,/ (2-1)'+(2-1 = f1+1 = J2 
AC =/(5-17+-1-1" = J16+4 =/20 
BC =,/(5-2)'+(-1-2 = [9+9 = /18 
"AC? = AB? +/BC 

(/20)?= (2 )?+ W18)? 

ABC triangle is a right angle 


at B 
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Example 3 


prove that the points A(-3, -1) «B (1, -4) « C (10, -5) « D (6, -2) 
represent the vertices of a parallelogram. 


Solution 

AB= f(-3-17+(-1+4 = /16+9 = [25 =5 
BC= /(1-10)?+(-44+5)? = 8141 = 482 
CD =y (10-6) +(-5+2} =/16+9 = 25 =5 


Where AB=CD,BC=AD 


figure ABCD represents a parallelogram 
Example 4 


If the points C(4, 1) « B(a, 1) < A(3, 2a) are the heads of an isosceles triangle where 
AB=AC find aGR 


Solution 
A (3 , 2a) given AB=AC 
=> ,{(3-a) +(2a-1) =,/(3-4) +(2a-1)" 
=> (3- a) +(2a- 1)” =14(2a i). squaring both sides 
= 3 ay ai taking the square root of both sides 
= 3-a =+Ł|1 
B (a,1) C (4,1) 


:3-a=1=a=2 
ce a ae oe ee | neglected(find out why) 
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l Exercises (6-1) 


Q1/ 

Find the distance between every pair of the following points 
A) (4,3). (0, 0). B) (4,6). (2,1). 

C) (5-,-3).(-1,5) D) (-2 , 3). (-1, 4). 

Q2/ 


Find the area of the triangle that’s heads are on the points 

A(5, 7) « B(.1, 10) « C (-3, -8). 

Q3 / 

the vertices of a square shape are A(4 , -3) « B( 7 , 10) < C (-8 ,2) : D (-1, -5) 
find the length of its diameter. 

Q4 / 

prove that the points. A(-2 , 5) B (3 , 3) <C (-4, 2) are the vertices of a 


parallelogram. 

Q5 / 

If the points A (2, 3).B(-1,-1).«C (3, -4) are three vertices of a parallelo- 
gram ABCD 


Find the coordinates of D. 
Q6 / 
prove that the triangle that has the vertices A (2 , 3). B (-1 , -1) < C (3, -4) is an 


isosceles triangle. 
Q7 / 


Prove that the points (-3,-4),(6,8),(0,0 are on a single straight line. 
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Partition of a line segment is used to find the coordinates of a point that is 


located between two points in a given ration. 


ñ jars 4% Bute (x, > y) «B= (x, i y,) 
| he 
It is wanted to find C that divides AB 


with a ration of n:n, SO, we say C=(x,y) 


AC A 
CB n 
nx +nx ny +ny 
1 2 2 1 also Y = 1° 2 2° 1 
nao, n +n, 


nx +nx 
Ye Sal 


Partition point C (+ 


n +n 
I 2 


Example 4: 


Find the coordinates of the point that divides the line segment that connect the 


points A (4, -3 ) < B (-5, 0) with a ratio of 1 
2 
Solution 4 : 
_nxinx 1 (-5)+2(4) _ -5+8 1 
n +n, 1+2 3 
ayay a LORE. _ -6 = 
n +n, 1+2 3 


coordinates of partition point(1,-2) 
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Mid point of Line Segment: 


Q 


We assume that M is the partition point of line segment AB 


Whereas A(x ,y)<«B((x,,y,) 


2 


So 


And to prove we have to make n=n1l=n 2and substitute it in the previous low. 


Example 5 
If point C was in the middle of AB where A(-3 , 2). B (7, -8), 


find the coordinates of point C. 


Solution 
c i X +X, . y,+Y, 
2 2 
y 387 2+(-8)_) 
2 2 
C= (2,-3) 


Point C(x,y) divides the line segment which connect points A(x ,y),B(x ,y) with the ratio 


CMAN MY +MY 
Aen, ath, | 


X +X, Yi t Yo) 


Coordinates of the mid points are (— 


5) 


2 
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Exercises (6-2) 


Ql / 

Find the coordinates of the point that divides the line 

segment AB where A (1,3). B (4,6) with a ration of 2 

Q2/ 

Find the coordinates of the point that halves the line segment AB where 

A (2, -4)« B (-3 , -6) 

Q3 / 

Find the coordinates of point C that divides the line segment AB 

with a ratio of 5_ where A (2,1) « B (1, -3) 

Q4/ 

Find the coordinates of point C which is 3 times as far 

from as it is from B where B (4, -4) , A(2, 6) 

Q5 / 

Find the coordinates of the mid-points of the sides of triangle A B C where: 
A(4,0)<B(5,2).«C (2, -3) then find the lengths of the lines connecting from 
the heads of the triangle to the mid-points on the opposite side. 

Q6 / 

Show that the diameters of the tetragonal shape with the vertices 


(-5,-8),(-3,-3),(3,-1),(-1,-2) halve each other. 
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i A 


Note: 

<< 
1) y, - y, = 0 then the slope of AB = is zero 
Which means that AB //to the X-axis. 
The slope of the X-axis= slope of the line parallel to it = 0 

<_— 

2) If the slope of x, - x = 0 then the slope of AB is undefined 
meaning that the slope of the Y-axis = the slope of the line parallel to it and it is 
undefined. 
3) If Q is the measure of the positive angle that AB makes 
with the positive direction for the X-axis then the slope 


<x 
of AB is equal to tanQ where Q belongs to [0,180)/{90} 


Example 6 


Find the slope of the line passing through the two points A (2 , 3). B (5, 1). 


Solution 
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<_ <> 
Two parallel lines have the same slope meaning L = L if and only if m = m.. 


Example 7 


Prove that points A(4,3),B(2,1),C(1,0) belong to a same line. 


Solution 


mAB =_1-3_=_-2 =] 
2-4 -2 

m BO a3 2c ote i 
1-2 -1 
m AB = mBC 


C. B. A belong to a same line 


——> 
If two lines are perpendicular then their slope product is equal to =-1 as L, L 
——> 
sL_ ifand only if-1=m xm 
2 1 2 


or m =— L which means that the slope of one of them is equal to the 


inverse of the other one by inversing the sign , for example if the slope of a 


line was equal to _-3__ ,then the slope of any line parallel to it will be equal to -3_ 
4 


and the slope of any line perpendicular on it will be _4_ 
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Example 8 
By using slope prove that the triangle which has the vertices A(3 , -1), BOO, 4), 


Ci$ 11) is a right angle triangle in B 


Solution 
tee: BN 2 IS ET OD oF 
10-3 F 7-10 = 
MAE x mBC = to oa E osa 
Gi aa 
AB LBC 
'" A ABC right anglein B. 
Example 9 


If the points A{0 , bh, B(-1, 2), C62, b-4) are ina straightness then find the 


yalueof b EZER., 


Solution 


- ABCOna straightness 


> mAB = mB 

2-6  (b-4)-2 
= = 

-|-0 2+] 
2-b b 
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Exercise (6 - 3) 


Q1 / 

(1)Find the slope of the line passing through points (0,-2) , (2,0) 

(2) Prove that the points (2,3),(-1,4),(-7,6) are on one straight line 

(3) If points A(2,3) , (-3,h) find the value of h if m AB = L- 

(4) ABC is a triangle, it’s vertices are A(1,6), B(-2,-8), C(7,-2) find the slope of the 
middle line for the triangle passing through B 

Q?2 / 

For each of the following questions there are four answers, only one of them is 

right, choose the right answer: 


> > > 
1)If H L L, H passes through points (1,5),(2,3) the slope of L equals 


-2 2 i 
B C) 2 D 
3 ) 3 ) ) 2 


> > > > 
2)If H // L, H passes through points (-3,2),(3,-2) the slope of L is equal to 


A) 


2 
3 


-3 
2 


3 
2 


-2 


A) 3 


B) 


C) D) 
<_> ——_— CS q 
3) Ifthe line H E (3,4)<(x,6)and H // L, L € (-1,3),(-1,5) then 


the value of X is A)-3 B)3 C)1 D) none of the above 
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Q3 / 
1) By using the slope prove that the paints A{$,2),B(2,7}C(1,-2) are the vertices of 


a triangle, 
2) Let AC-1,5).B(S.1),006,-2),D(0,2) prove that the figure ABCD isa parallelogram. 
3) Let A(5.2),.B03,-1),C¢-1,21,D(2,9) prove chat figure ABCD is a square 
4) ABC ig a triangle its vertuces are on poini A(2.4}, B60), Of-2,-3) find: 
A) Slope of the line drawn from A to BC. 
B) The slope of the line drawn from Band parallel ta AC. 


4) Prove that the quadrilateral shape woth the vertices A(-2.2),.B(2,2).C(4,2), (2.4) 


is a Capeoaid. 


6) Tiad the value of x that makes the line passing through points (x4) . (-2.-9), 


perpendicular on the line passing through points (4.1). (0-3). 
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If (x,y) is any point on any line then the relation between x and y is called the 
equation of the line 
The standard equation of the line is ax +by+c=0 


we can graphically represent the line intersecting both axis by making x=0 


. -c 
oe Y= 

b 
y=0=9x= < 


a 
1) When b=0 , ax+c=0 represents the equation of the line parallel to the Y axis 


and when x=0 it represents the equation of the Y axis 


2) When a=0, by+c will represent the equation of the line parallel to the X axis 


and y=0 represents the equation of the X axis 


3) When c=0 , axt+by=0 represents the equation of a line passing through the 


origin point 

How to find the equation of line 

1. If you know two points 

the equation of the line where A (x » Y) <B (x,, y,) 
Let C(x,y) © ‘AB so the equation will be 


The formula for finding the equation of the line for 2 points 


If you knew one point and the slope 
yO 


From the previous formula m = 
-X 
2 1 


Formula of finding the equation using a point and slope y - y = m(x - x ) 
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Example 9 


Find the equation of the line passing through points (2 , -3) « (4, 5). 


Solution 
¥ 


Yri -L H 
X -X X -X 
1 
y +3 5 +3 
49 - 
x X 4-2 
y +3 _ 4 
x -2 1 
y+3 = 4x-8 
4x -y-11=0.......... equation of the line . 


Example 10 


Find the equation of the line passing through points (7,1) , (0,3) and does the 
point (3,4) belongs to it? 


Solution Y 


(3,4) 


yrl _ 3-1 


X -7 0-7 
Equation of the line ....... 2x + 7y-21=0 


To make sure that point (3,4) belongs to the line, we have to substitute x=3 , y=4 
in the line equation. 

2(3) + 7(4) -21=0 

6+ 28 -21=0 
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Point (3,4) does not belong to the line 
Example 11 


Find the equation of the line passingthrough point (1,-3) and with a slope of 
Y 


Solution 


yoy, om) 


equation of the line 


Example 12 


Find the equation of the line passing through point A(1,-3) and the mid point of 
the line that’s ends are at points B(4,-1), C(-2,3) 


Solution: 


D= (4+ (2) a =(1,1) = Let D be the mid-point of BC 
2 


Z> =_ 1-5 -The equation of AD is 
x +2 1+2 


x Line equation........ 4x+3y-7=0 


Example 13 


Find the line equation for the line passing through 


the origin point and point (-3,5) 


Solution 


A{-3,5) .O (0,0). A (-3,5) 


line equation is 7 — 0 _ 5-0 
x -0 PN 
yY a 5 


X x -3 


equation of the line 5x + 3y = 0 


Conclusion: 


We can find the slope of the line from its equation: 
we assume that ax + by +c =0 


. . Slope of the line = - coefficient of a by inversing the sign by having x,y on 
coefficient of b 
only one side of the equation 


and b#0 


The slope of the line - coefficient of x 


coefficient of y 


So, the slope of the line —ê2 
b 
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Example 14 


Find the the slope and the Y axis of the line that’s equation: 
3x -4y-12=0 


Solution 


so we get: -4y - 12 =0 = y=-3 


Example 15 

Find the equation of the line that makes an angle 150 with the positive side of 
the X axis and passes through point (-4, 1). 

Solution 


The slope of the line 
m = tan 150° 

= tan (180°-30°) 

= - tan 30° 

yey, =m (x-x) 


a y+4=-> (x-1) 


P 


a ae ae eae |) the line of the equation. 


127 


Example 13 


Find the equation of the line that passes 
through point(-2,1) and is perpendicular to the 
line that’s equation is 2x - 3y -7 = 0 


Solution 


From the line 2x - 3y -7 = 0 

The slope of the line m = = = = — 

the slope of the required line -> ( because it’s perpendicular to it ) 
y-yl =m (x- x) 

y-l= a x2 


3x+2y+4=0..... the equation of the required line 


Y2-Y; 


1)The slope of the line passing through points E y,) o >) is m= 
Xa i 


2)The slope of the line ax+by+c=0 is m= = 


3)The slope of the line that makes the angle © with the X axis is m = tan o 


4)The slope of the line passing through points ica yı) ibe >) TARN 
X-X; X,-X, 


5)The equation of the line passing through point (x ,y,) m is the slope 


l Exercises (6-4) 


Q1 / 


1.Find the equation of the line with m and passes through (0,-4) 


2. Find the equation of the line that is parallel to the X axis and passing through 
point (2,-1) 

3.Find the equation of the line parallel to the Y axis 

and passing through point (2,-1). 

4.Find the equation of the line passing through points(-1,3), (5,-1) 
5.Find the equation of the line L passing through point (2,-1) and 
parallel to L_ which has the slope of — 

6.Find the equation of the line passing through point (0,-2) 

which is perpendicular on the line that has a slope of = 

7.Find the line equation passing through point (3,-4) and 
perpendicular to the line passing through points(2,-2),(0,3) 

8.Let A(4,-2),B(1,2) find the equation of the line that bisects AB 


Q2 / 
1. Find the equation of the line that has the slope of -3 and splits a positive part of 
the Y axis that length is 7 units 


2. Find the equation of the line that has a slope of 2 and splits a negative part of 
the X axis that’s length is 6 units. 


3. Find the slope and the dissected part of the Y axis for the following lines: 
<> 

A. L1: 2x-3y+5=0 
<> 

B. L2: 8 y = 4x + 16 
<> 

C. L3: 3 y = -4 


4. Find the equation of the line passing through points (2,-5) and parrallel to the 
line that has the equation: 2x-y+3=0 
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5. Find the equation of line L that bisects a negative part of the Y axis and its 


length is 4 units and perpendicular on the line that has the equation 2y= 4x-1 
<> 
6. Let L bea line, it’s equation is: x+y-2=0 Find it’s slope and 
<> 
it’s intersection point with the Y-axis then draw L 
7. Find the equation of the line L passing through point (2,-2) and 
perpendicular on the line that has an equation x+y=0 then find the 
intersection point of L with the other two axes 
<> <> 
8. The line L : 2x-y=3 and the line H : 3x + 6x=-3 
<> <> 

A.Prove that L L H 

B. Find algebraically the intersection point of L , H. 
9.Find the equation of the line that makes 135 with the positive side of the X axis 
and that is passing through the origin point. 
10.The line L : 27 = ax + 1 passes through point (1,2), find: 
A. The value of 
B. The slope of the line L 


C. It’s Y intercept. 


130 


Example 17 


Find the distance from point A(1,3) to the line 2y + x =2 


e> 
L:ax+by+c=0 


Solution 


We put the equation in the following way x +2y -2=0, 


a=1 , b=2, c=-2 

A |a X+ b y, +c | 7 \(1)(1)+(2)(3)-2| 
g a+b p Joay 
D=_2_=,/5 unit 


We can find the distance between two parallel points 


<> <> 
L:ax+b y+c =0L:a x+by+c_ =0 
1 1 1 1 2 2 2 2 


: <> <> | CC | 
Distance between L. L = ————— 
1 2 2 2 
Va +b 
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Example 18 


Find the distance between the two parallel lines: 


<> <> 
Lix-3y= l Lix-3y=4 


Solution 


The distance between two parallel lines is the distance between any point 


belonging to a line and the other line. 
Asin L:y=0=> x=1 
1 


. . Point (1,0) 
de 


a eb 


1+9 \J10 


Another solution according to the previous conclusion: 


p LMG -30-4) 3 


4-1 
pai | _ 3 
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Example 19 

Find the area of the triangle that’s vertices are on points (1,2) « B (3 5) «C (1,3) 
Solution 

We find the equation of one of the triangle’s 


sides and let the line AB be: 


. s hh 

x x SwA] 
y-2 _ -2 = y-2 =. 
x -l 2 


And now the distance between point C(-1,3) from line AB represents the height 
[36-261] 8 


Tee a 


of A ABC D unit 


AB =\ 6-1} + 5-2} = J4 +9 =J 13 


= x(\]13). 8 = 4 unit’ 
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| Exercises (6-5) 


Q1 / 


Write T in front of the right sentences and F in front of the 

false sentences from the following 

1. The distance between the origin point and line: y = 3 is 3 units 
2.The distance between the origin point and line: y =-5 is 5 units 
3.The distance between the origin point and line x =-5 is 5 units 
4.The distance between the two parallel lines y = 4 and y=-1 is 3 units 
Q2/ 

1.Find the distance between point (-2,1) and line 6 x + 8y -21 =0 
2.Find the distance between the origin point and the line that has 
the slope of m = > and passes through a positive side of of the 
x-axis that’s length is 4 units 


3.Find the distance between the two parallel lines: 
<> 

L1: 8x -6y +4=0 

<> 

L2: 4x - 3y -1=0 


4.Find the distance between point (0,-2) and the line that passes through points 


A (1,-1): B (3, 5). 


5.Find the area of the triangle ABC where A(-4,6), B(-3,-1), C(5,-2) 
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7 Chapter 7 : Statistics 


[7 - 1] Measures of Central Tendency 
[7 -2] Arithmatic Mean 

[7 - 3] Median 

[7 - 4] Mode 

[7 - 5] Measures of Variation 


Aims and skills 

At the and of this chapter the student will acknowledge: 
- Learning Arithmatic Mean 

- Finding Arithmatic Mean 

- Learning Median 

- Finding Median 

- Learning Mode 

- Finding Mode 

- Learning Standard Variation 

- Finding Standard Variation 

- Learning Correlation coefficient 
- Finding Correlation coefficient 


Standard Variation | Pr 
O 


i The 7th Chapter: Statistics 


We took in the previous studies ways of gathering data and present them graphically 
and tabularly, and now we want to find a scale that is more representative of the 
study subject, meaning that we want to get one value representing all the other 
values. The average income in a country represents all the incomes in a country 
meaning that it represents the general level of the income in that country and one 
of the characteristics of data, is that it has a tendency to concentrate on a single 
average value and these values that the data concentrates on are called medians or 


the measures of central tendency 


And we will take the most important measures of central tendency with a little 
more details after you have taken them in your middle school studies. here are the 


subjects we are going to learn values of central tendency 
-Arithmetic mean 

-Median 

-Mode 


And these three differ from each other from the idea and their method of 
calculation and each one of them has it’s specialties and has it’s flaws. There are 


some cases where we use one of the measurements and not the other. 
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Calculation Metho 


First way 


1) If the statistics (data) are unclassified: 


Arithmetic mean = SYM Ot the values of the values 


their number 


X +X +X +... FX 
1 2 3 


n 


Meaning that: x= 
n 


Example 1 


If the ages of 5 people are:5,8,9,11,12. Find the arithmetic mean of their ages. 


Solution 
xX +x + x, + sdeswiaved +x B 12+ 11+ 9+ 8+5 
X= n 5 
—45_ _ 9 Years 
5 
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2) If the statistics (data) are classified: 


If the statistical values are classified in a repeating order, the following formula can be used: 

-o The sum of the products of every group and the number of their repetition 

Edo eee at oe Leaf fe Oe ac a cal St Acie) sere en Meee a ect Albian 
The number of repetitions 


Example 2 


Let's assume that there are t3) people aged &, (5) people aged 9, (4) people aged 1], 
and two people aged 12 as in the following table: 


{This table is without groups) so the number of tage) represents the group find the 
arithmetic mean of their ages, 


Solution 
We symbolized the age with x and 
the repetitions with f the solution 


steps CI be shown in the table 


Ltt tee tf 


G] 


TE 137 
14 
. Ẹya Mt5+tH+H 
b + 14 
= 9,786 years 


larithmetic mean of age) 
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Example 3 


‘The following table shows the distribution of 100 people according to their weight 


groups.Jt is wanted to find the arithmetic mean of their weights. 


Solution 
The median of (he first weight group : 35 = _ 30 + 40 
The median of the second weight group 35 + 10=45........ and so on. 
The solution steps are: 
l- finding the medians of the groups. 
2+ multiply the median of group with its frequency . 


3. find the mean 


Ba Mh Pex f+ x Ft can 4 x f 
T a ee a a ; 
À f HE toutt 


X= 61.1 Kilogram 
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Example 


Find the mean of the following table : 


Arithmetic mean 


The hypothetical mean or the deviation : 


‘This way counts on using one of the values (Centers) as a hypothetical mean then 
fiud the deviation of every group on that hypothetical mean and then we use the 
law. 


, The sum (devwalons af the medians tomes dhe frequency | 
The arith metic mean=hypothetical mean AAA L 
Muribeer of trequeceec ¢ 


Hypothetical megn WX, SENE Be ate ERE 
L 
atober of frape -EE Fun X, p Frequmayy of Lhe group T 
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Example 5 
The following table shows the ages of 100 university students. Find the 


arithmetic mean of the ages using the hypothetical mean. 


Solution 


number 


of student 


1 - We take the C enters of the groups 

2 - We choose the hypothetical mean (X) from the groups and let 21 that corresponds to the most repetitions 
3 - We take the deviation of every median of the hypothetical mean ( deviation = median of the group 
hypotheticalmean E= X-X, 


4 - We find the product of every group (f) X the deviation of its hypothetical mean 


5 - We find the sum of the repetitions and the whole sum, we write the previous information in the table 
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The privileges and flaws of the Arithmetic mean: 

1) easy to calculate. 

2) All the values are used in it’s calculations. 

1) It is affected by abnormal values and very small or very large values 


2) It can't be calculated graphically 


How to find the median: 


1) Unclassified statistics (data): 
We order the values ascendingly or descendingly then we take the value that is 
in the middle for it to be the median. 


Assuming that the number of values is odd. 


But if the number of values is even then we take the two values that are in the 


middle, so that the median is equal to the sum of the two values divided by two. 
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Example 6 


Find the median of the weights of some students that are :52 kg, 58 kg, 50 kg, 63 kg, 55, kg. 


Solution 


We order the numbers ascendingly: 50,52,B8,58,63. we notice that the value 
that is in the middle is the third one in order 


Median = 55 


Example 7 


Find the median of the following weights of some students: 52 kg, 58 


kg, 50 kg, 63 kg, 57 kg, 55 kg. 


Solution 


We order the values ascendingly: 50, 52 (55057). 58 « 63 


We notice that there are two values in the middle that are 55, 57 


6 
The order of the first one = > E ae 3 (third) 
The order of the second one =+-+ 1 = 3 + 1 = 4 (fourth) 
third + fourth _ _57 + 55 


2 2 


Median = = 56 
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2) Classified statistics (data): 


The median can be found in classified data with groups: and the steps are as follows: 


1 ) We make the table of the ascending combined repetitions from the repetitions table. 
Sum of the Frequency 
2 


3) Identifying the group that has the median from the ascending combined repetitions table 


2) Calculation of the order of the median = 


and it is called the median group and it is the group that corresponds to the first bigger 


repetition or that is equal to the order of the median. 


Median=The lowest possible median group+Order of the median - the ascending combined frequency of the group before the median 
The median group 
x We=length of the group 


2t tp 
ME = L +_*___.w 
fm 
where ME= The median, fb= the ascending combined repetition of the group before the median, 


fm = the repetition of the median, W=length of the group, L=lowest possible value of the median 


Example 8 


Find the median of the 


weights in the table: 


Solution 


The order of the median = — = 50 


... The median group = ( 70 - 60 ) 


- fb 


fm 


ME =L +—2 .W 


ME =60 +20- 46 x 10 
25 


=60+_8 — ME=60+16 = 61.6 
5 
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The privileges and the flaws of the median: 


(1) itis not affec ted by abnormal and very large or very small values. 
(2) It can be calculated graphically, 


(1) Not all the values are used in the calculation. 
(2) In case of the classified statistics with groups, it is solved by approxemitly, 


Calculating mode : 
1) Unclassified statistics(data) 


Example 9 
What is the mode of the following set of number 


A) 4.2,4,7,4 A AnR 


Solution 

Mode= 4 because it is more repeated 
B)6,5,1,8,6,5.10,18 

Mode-6,5 because they are most repeated 
(€)12,11,10,7,3,4,5.8 
Mode= No Mode 
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2) Classified statistics (data): 


A) Differences way ( pearson’s way) 

= 
di + d2 

group mode Where d = the frequency of the group mode - the repetition of the 


Mode = the lowest possible group mode + X The length of the 
group before it 

d, = the frequency of the group mode - the frequency of the group after it. 

If the mode frequency is the biggest frequency of the table. and the group modec 
corresponding to the most frequency. 

Example 10 

Calculate the mode from the table: 


= 


| 9 | 30. | 
15 | 40 | d, = 25 7 22 z 3 
Previous frequency —» d 
=25-18=7 
| 22 | 50- | 2 
Mode frequency —» 
—_— | 25 | 60- | The length of group mode = 70-60 = 10 
Following frequency —» 
ae “ EE Mode=The lowest possible group mode+ =H xThe length of the group 
1+ d2 
M =60+— 2 x1 


Mode = 60 + 3 


Solution 


Mode = 63 


B) The Method of Moments 

1) In this way we draw a lever and we make the frequency of the mode group a force act- 
ing on one of the ends of the lever, and the frequency of the group after the mode 
group a force acting on the other end of the lever and the length of the lever = the 
length of the group 

1)We assume that the fixed point that represents the distance of the mode from 
one of the ends=x 

3)We apply the lever formula (force x its spindle=the resistance x iťs spindle. 
4)We take the value of x and add it to the lowest value of the mode group and we 


will get the mode. 
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Example 41 


Find the mode from the following table: 


Solution 
Mode = 70-60 
length of the lever = length of the group = 10 
The force x its spindle = T'he resistance x it’s spindle 
(10 -x) (37)=x (38) 


370 - 37x = 38x 


Length of the levers length of the group =10 soy 2370 


10) -x = 
x= ed, 
75 


Siopau 
y 


Freeney arde 


Easy to calculate 
It ts not affected by abnormal and very large or very small values 


1} In the case of classified data with groups, it is calculated using approxemitly 
method. 


2i can act be found ifthere areri values thal are repeated more than the others. 


3) There might be more than one mode if there are values that are repeated equally, 
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Exercises (7-1) 


Q1 / Define the arithmetic mean,median and the mode 

Q2 / The following data represents the ages of a group of student: 
17,18,17,15,16,18,16,17,15,19. find 

A) The arithmetic mean B)Median C)The mode 

Q3 / If the arithmetic mean of the monthly income of 5 people is 
(40000) Iraqi dinars. what is the total of their incomes? 

Q4 / The following table shows the temperatures in a city during 


90 days in the summer 


Find A) The arithmetic mean B)Median C)The mode 


Q5 / The following table shows the wages of 60 teachers at a school. fine the 


arithmetic mean of their wages 


Q6 / The following table shows the daily profits of some shops in a city. find 


the arithmetic mean of their profits 
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For every set of numbers, there is an arithmetic mean and the numbers of the set 
might be distributed close to it or far away from it. If the numbers are distrib- 
uted close to their arithmetic mean , their measures of variation are low, and if 
the numbers are distributed far away from their arithmetic mean, their measures 
of variation are high 

Ex: The arithmetic mean of the numbers 30,40,50,60,70 is 50 and the arithmetic 
mean of the numbers 10, 20 ,90,100,30 is also 50 We can see that the measure of 
variation in the first set of numbers is low while the measure of variation in the 


second set of numbers is high 


Measures of variations: == 
The measures of variation that we are going to study are: 

1- Range 

2- Standard deviation 
[7-5-1] Range: is the difference between the largest and the smallest value 
The range is not an important measure of variability because it deals with only 
two of the values of the set. These two values are the largest and the smallest val- 


ues of the set . So it is greatly affected by the changes in these two values 


Example 12 
What is the range for the following st of numbers 98, 24: 68 < 35. 12 


Solution : 


R = 98 - 12 = 86 
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B) Classified Data: 


Example 13 


Find the range: 


Solution 


Range = highest value of the last group - the lowest value of the first group 
R=55-5=50 

[7-5-2] Standard deviation _ 

The standard deviation is one of the mostly used measures of variation. if we 
have n from the terms x_,x,,...x_ and their arithmetic mean is x. then these terms 
are close to each other if they are close to their arithmetic mean x, meaning that 
their deviation from x is small 


So the deviation of the terms from their arithmetic mean can be used to measure 


variation, and that can be done by taking the median of these deviations 


Find the standard deviation for the following values: 


1:3, 5,7, 9 
Solution 
-2 di 25 me 
$= 165 25 
5 
Standard deviation .. af 8 =24 j 2 
Example 15 


Subtract 1 from the numbers [1,3,5,7,9] then find the standard deviation of the 


new values. Compare you answer with example 1d, what do you observe 


Solution 


The numbers L: de e709 


we subtract l1: U. 2.4.6.4 
ye S+ebe deer d - 20 24 


Standard deviation .... y 8 mii 


We observe that the standard deviation didnt change 


Standard Degree : i 


/ 


/ 
he 


| 
y, 


Correlation coefficient (r) between the variables x,y 


We calculate the correlation coefficient r xy —— 


Where x = The arithmetic mean of the variable x r= 
y= The arithmetic mean of the variable y 
S = The standard deviation of the variable x 


S = The standard deviation of the variable y 


Some of the properties of (r) 

r is positive in the case of positive correlation 

r=1 in an absolute direct correlation 

r is negative in an inverse correlation 

r=-1 in an absolute inverse correlation 

r=0 in the lack of correlation 

we can observe that the value of correlation coefficient belong to [-1,1] and the 
close r the value of r is from +1 or -1, the stronger the correlation between the 


two variables and the closer it is to 0 the closer it is to the lack of correlation 
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Example 16 


Find the correlation coefficient between the variables x,y for x=5 


Then show it’s type 


Solution 


5 
Y= 30 
5 


s gma 


PRAN 


—— 110 


U = ee) 
S S, \ 2) EN 2) 
r= 22 -18 = 4 = 
4 4 
`. The type of correlation is direct 
sp -22% 
SX 
5-3 2 
SD === == =,2 

2 V2 
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Example 18 


Find the correlation coefficient an between x,y and show it’s type 


Solution 


X=-— =l 


5 
Y= 15 3 


5 
s =\ 33-1 syi19-1 =\J18=3\\2 — 
$= \ 135 _ (1) =\\27 -9 18 = 3 \ 2 


XYxXy -- -75 
eee 
S. S, TEE 
type= absolute inverse correlation r= da 18 Ly 


(9) (2) (18) 
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Exercises 7-2 


Q1/ 


A)Find the range for the following numbers: 3,0,8,7,9,12 


B) Find the range from the following table 


Q2 / Define the standard deviation then find the standard deviation for the 


following numbers: 2,4,6,8,10 
Q3 / Find the standard deviation for the numbers:5,7,1,2,6,3. then add 5 to 
all the values and prove that adding 5 does not affect the value of the standard 


deviation but affects the value of arithmetic mean 


Q4 / Find the correlation coefficient between x,y then show it’s type. 


Q5 / If you multiply all the values of x in the previous question by 4, you'll get 


a new table. find the new correlation coefficient . 


afele] 
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